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Abstract
This work explores the interaction of electromagnetic radiation with pe-
riodic metal-dielectric composite materials. In particular, the majority of
the studies explore the role of evanescent diffraction in the regime where
the wavelength of the incident radiation is of the order of the period of
the array just below the onset of diffraction. The underlying aim of the
thesis is to build on the current knowledge and gain deeper understanding
into the causal mechanism of the electromagnetic response of these periodic
materials.
Developments in metamaterial research have led to a resurgance of interest
in the use of periodic metallic surface to control the transmission of elec-
tromagnetic radiation. The response of these surfaces can be ‘tuned’ to
provide the required response simply by altering the geometric parameters
of the material. Numerical modelling techniques are often used to predict
the response of such structures. However, the aim of this work is to gain
a deeper understanding of the reasons for the response and therefore an
analytical modal matching method has been used. The modal matching
method provides the opportunity to extract greater understanding of the
resonant phenomena by linking them to specific mathematical terms in the
analytical formulation.
The modal matching technique is initially used to study the response from
a single layer bigrating comprising a square array of square holes in a
PEC sheet and its complementary system of a square array of square PEC
patches. The importance of evanescent diffraction in both resonant phe-
nomena and tunneling responses is discussed and it is shown that complete
transmission (reflection) is supported by these structures even for very high
(low) metal occupancy. This technique is extended and adapted to describe
a variety of structures in chapters 5 and 6, exploring how resonant excita-
tion of surface waves via evanescent diffraction leads to highly interesting
electromagnetic responses. In chapter 7, alternating multilayer stacks of
two different subwavelength meshes provide an observable one-dimensional
topological mode in a physical system for particular mesh configurations.
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Chapter 1
Introduction
1.1 Motivations for the Thesis
The overarching aim of the thesis is to gain a greater level of understanding on how
periodic metal-dielectric composite materials interact with electromagnetic radiation.
There has been a resurgence of recent studies considering periodic arrays of subwave-
length elements, initiated perhaps by the work of Ebbesen et al in 1998 [2]. Numerical
modelling has often been used to predict the response of these structures and to explore
their electromagnetic field solutions. However, this thesis is specifically concerned with
the use of analytical modal matching methods to explore the response of novel struc-
tures and to gain the deeper understanding implicit in the analytical basis on which
the model is constructed. The study of the interaction of light with matter is a wide
reaching and complex field with a rich history of research which dates back as early
as 1665. Whilst commercial numerical modelling methods (for example, Finite Ele-
ment Methods or Finite Difference Time Domain models) can predict the response of
complex structures to radiation, they provide little information on the reasons for the
response or the physics governing its behaviour, whereas analytical modelling does. In
this thesis, the motivation is therefore to employ analytical methods that offer a math-
ematical breakdown of the origin of the electromagnetic response leading to enhanced
understanding of the phenomena.
The response of these composite materials is determined by a range of factors, in-
cluding the fractional occupancy and material properties of the individual constituents,
their geometry and their spatial arrangement. Interdependence of these parameters on
the structure’s electromagnetic response is complex and the response can be difficult to
predict. By improving the understanding of how these materials interact with electro-
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magnetic radiation, we are better able to optimise their response for a given application.
Composite materials have uses in many differing fields, for example as electromagnetic
shields as well as in imaging and lithography applications.
The scope of the thesis is limited to metal-dielectric materials comprising regular
arrays of regular geometric elements with both metal and dielectric constituents. In
addition, it is only concerned with non-magnetic materials and therefore it is assumed
that all materials have a permeability equal to unity. The other main assumption is
that the conductivity of the metal is infinite, otherwise known as a perfect electrical
conductor (PEC). Therefore, as most metals behave as almost perfect metals at mi-
crowave frequencies, the modelling throughout the thesis has focused on the microwave
regime of the spectrum. This and other assumptions are explained fully in the following
chapter.
1.2 Outline of Thesis Structure
The thesis comprises three broad parts. The initial part contains chapters 2 and 3 and
covers the background and theory relating to the original studies that follow. The second
(main) part covers chapters 4 to 7 and concerns the modelling of the electromagnetic
response of various metal-dielectric structures using the methods detailed in chapter
3. The final part comprises chapter 8 and concludes the thesis. A brief outline of the
contents of each chapter is detailed below.
Chapter 2 provides a general background to the thesis. In order to investigate
the electromagnetic behaviour of composite media, it is important to explain what is
meant by this description. Therefore, the term ‘metamaterial’ (or composite material)
is introduced and its definition discussed, along with a few applications of these special
materials. The present work focuses on how radiation interacts with periodic structures
and it is important to place this work in the context of established knowledge. Therefore,
the definition of a metamaterial is followed by a discussion on electromagnetic scattering
in periodic media. It is well known that light interacts with matter and that it is the
ratio between the wavelength of the incident radiation and the period of the media that
dictates how that particular material responds to electromagnetic radiation. For clarity,
the discussion has been divided into subsections relating to this ratio. Each subsection
begins with an historical review of the literature and a brief description of the main
theories and their development. The discussion focuses on two regimes in particular.
For the regime where the wavelength of the incident radiation is much greater than the
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period of the media, effective medium approximations are applicable. The main basic
theories are presented along with a brief review of some of the extension theories that
have been developed. This has particular relevance to the work presented in chapter
7 relating to multilayer metal-dielectric stacks involving subwavelength PEC meshes.
Most of the investigated structures involve the coupling of surface waves supported
on periodic PEC meshes. It is therefore necessary to present a brief background of
the nature of such surface waves. The next subsection of this introductory chapter
provides a brief summary of the history of surface waves. Although surface plasmons
only exist at visible frequencies, some aspects of the theory are still relevant to aid
understanding of this current work. The concept of surface plasmons and how this
led to structurally dictated surface waves is briefly introduced in the regime where the
incident wavelength is the same order as the period of the medium. The final section in
this chapter presents the derivation of waveguide modes for both transverse electric and
transverse magnetic polarisations with a focus on the form of rectangular waveguides.
The main section of the thesis comprises four chapters, each investigating a different
structure. Whilst none of the structures explored within the thesis support standing
wave resonances (waveguide modes) in the frequency regime of interest as they are
too thin, the majority of the work involves ‘hole arrays’ (regular geometric arrays of
regular shaped ‘holes’ in a sheet of PEC). The fields inside these ‘holes’ take the same
form as waveguide modes and therefore an understanding of these modes and their
mathematical formulation is necessary to understand the response of the structures.
Different modelling techniques are discussed in chapter 3. The chapter is divided
into analytical and numerical methods. In each section, the most common methods are
described briefly along with their general advantages and disadvantages. This is followed
by a more detailed description of the methods chosen for use in this thesis. In the case
of the analytical modal matching method used in the majority of the investigations, a
derivation is given along with the reason behind the use of this method and an evaluation
of the strengths and limitations of it. The numerical method used is a commercially
available software package, and an overview of its main features is given including an
evaluation of the technique. This chapter concludes the initial part of the thesis.
Chapter 4 is the first investigative chapter in the main part of the thesis and ex-
amines the electromagnetic response of a single layer PEC-dielectric bigrating and its
complementary structure. A bigrating is a two dimensional array of elements and this
chapter looks at the response of both a ‘hole array’ and a ‘patch array’. The application
of Babinet’s Principle allows the response of one structure to be used to predict the
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response from its complement. This chapter begins with the derivation of Babinet’s
Principle and a discussion of its importance. We review the remarkable result that at
frequencies just below the onset of diffraction a square array of square holes supports
a 100% transmission resonance, even for high metal occupancy. Conversely for the
complementary patch array structure, a 100% reflection resonance is supported. This
phenomenon is associated with evanescent diffraction. An evanescent wave decays ex-
ponentially with distance from the point at which it was formed and therefore does not
propagate. It is characterised by an imaginary wavevector. A complete analytical solu-
tion for the transmission through the structure is presented using the modal matching
technique and the importance of the role of evanescent diffraction for these resonance
phenomena is illustrated and discussed. The chapter concludes with an exploration of
the transmission response with regards to electrical connectivity.
Chapter 5 also concerns single layer bigrating systems. However, this chapter focuses
on the effect breaking the four-fold symmetry inherent in the previous system has on
the predicted electromagnetic response. The simple structure investigated in chapter 4
is extended to three different structures. The investigated structures are a square array
of rectangular holes in a PEC sheet, a rectangular array of square holes in a sheet of
PEC and a rectangular array of rectangular holes in a PEC sheet. The aspect ratio
of both the hole and the periodicity have been investigated in other studies. However
these are primarily at optical frequencies and the majority of modelling is numerical.
This chapter uses the same basic methodology as the previous chapter altered to reflect
the geometrical changes of the unit cell. An analytical solution for the tranmission is
produced and the significance of the parameters is explored both mathematically, and
more importantly from a physical perspective.
The previous two chapters have investigated single layer meshes. In this chapter the
understanding gained from the work presented in previous chapters is applied to more
complex structures. Chapter 6 introduces a system involving a double mesh layer. The
modelling method is extended to account for the complex near field interactions between
the PEC mesh layers. Earlier chapters have established that a single mesh layer supports
a strong transmission resonance due to a resonantly excited surface wave. Evanescent
diffraction has been shown to be of paramount importance to this phenomenon. This
chapter focuses particularly on the effect on the transmission of lateral translation of
one mesh relative to the other and the role that evanescent diffraction plays in this.
A Fabry-Pe´rot etalon is the name given to highly reflecting partial mirrors a distance
apart. The two PEC meshes in this structure are highly reflecting partial mirrors
4
1. Introduction
and can therefore support resonant Fabry-Pe´rot modes. The chapter begins with a
brief overview of Fabry-Pe´rot etalons followed by a description of the adaptations and
extensions made to the modelling method to accurately represent the double layer
geometry. The effect on the transmission profile of parameter variations is shown and
the electromagnetic response analysed mathematically to gain further understanding.
It is shown that the structure supports families of standing wave modes together with
surface modes and that close to the onset of diffraction these modes interact with each
other. The analysis shows that the separation of the meshes is the critical parameter
in determining the response of the structure.
Chapter 7 explores the response of multiple layer stacks consisting of alternating
PEC mesh and dielectric layers. The exploration of multilayer structures has been es-
tablished for many years, however, what makes this study original is that two different
meshes are used within the structure. The mesh parameters of each mesh are varied,
from identical parameters, through slight parametrical differences (perturbations) to
large differences between the parameters of each mesh. The chapter begins with the
introduction and derivation of both simple and recursive Fresnel coefficients used in
describing the response of multilayer planar homogeneous media to electromagnetic ra-
diation. The discussion continues with the response of conventional dielectric-dielectric
stacks (Bragg stacks). A different modelling approach is taken in this chapter in com-
parison to previous chapters; using the modal-matching model for a single mesh layer an
effective medium approximation is obtained for each mesh layer. This is then applied
to a multilayer approach to provide the transmission through the finite stack. This
approach has been utilised to reduce the computational requirements involved in a full
modal matching approach involving multiple layers. The results part of this chapter is
separated into two distinct parts. The first compares the validity of the effective medium
approach with the modal matching model for a double mesh system where each mesh has
differing parameters. The second part is concerned with the electromagnetic response
of the alternating mesh multilayer stack configuration for larger numbers of layers. The
existence of a topological mode is presented for specific conditions. Topological prop-
erties are defined as properties that are invariant under particular transformations and
topology forms an extensive branch of mathematics concerned with studying continuity
and connectivity. These concepts are introduced in this chapter and analogies drawn
with the multilayer system explored therein.
The final chapter, chapter 8, summarises the salient points of the investigative work
presented in this thesis and discusses some of the possible directions for future work
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suggested by the conclusions within it. It is concluded by a list of publications and
conferences attended (including submitted and planned future publications).
6
Chapter 2
Background
2.1 Introduction
The response of matter to electromagnetic (EM) radiation has been of interest to the
scientific community for almost two hundred years. Both homogeneous and composite
materials have been investigated, along with bulk matter, periodic and aperiodic media.
In this chapter a review of the basic underlying principles, along with a brief historical
overview is presented.
Metamaterials are generally artifical materials; ‘meta’ from the greek µτα meaning
after, or beyond. In other words, materials enhanced in relation to those found natu-
rally. Metamaterials are of great interest to a wide range of business sectors, including
defence, medical and IT industries, due to their individual electromagnetic properties.
Consequently much research is being done to design materials for specific applications.
The ability to predict the electromagnetic properties of composites prior to manufac-
ture has a crucial role in the design, manufacture and application of these important
materials.
This section sets out what is meant by the term ‘metamaterial’ in the context
of this thesis, followed by a brief look at some of the applications of metamaterials
and the unusual properties that make them so important. Section 2.2 introduces the
basic theories and historical developments in the field of scattering in periodic media.
Lastly, section 2.3 discusses waveguide modes and the physics behind them followed by
a summary of the salient points in section 2.4.
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2.1.1 Definition of a metamaterial
Whilst composite materials (by which we mean materials with more than one con-
stituent) have been investigated for many years, the term ‘metamaterial’ was first used
in 2001 by Walser [3] in reference to engineered composites that “achieve material per-
formance beyond the limitations of conventional composites”[3]. Since then there have
been numerous attempts to categorise (and re-categorise) these fascinating materials.
As such, there is no definitive definition, as stated by Sihvola [4]. However, the two
common themes in all definitions are that the material exhibits properties that are
very different from those of the constituent materials and that these properties are not
observed in nature. For the purposes of this thesis, the following broad definition, as
given by Metamorphose, the Virtual Institute for Artificial Electromagnetic Materials
and Metamaterials [5], is most appropriate:
“(A) metamaterial is an arrangement of artificial structural elements, designed to
achieve advantageous and unusual electromagnetic properties.”
The properties of metamaterials are due to their subwavelength structure as opposed
to their chemical composition. It is this that allows them to be specifically designed
as the properties can be changed simply by altering the structure of the material.
The electric and magnetic properties of materials are characterised by the complex
parameters permittivity,  and permeability, µ. The permittivity of a material describes
how a material changes to absorb electrical energy when subjected to an electric field. It
is defined as the ratio between the electric displacement ~D and the electric field strength
~E (equation 2.1). Similarly, permeability is the ratio between magnetic induction, ~H
and magnetic field intensity, ~B. By creating the right structure, even properties that
do not exist in nature can be achieved, for example materials with a negative index
of refraction [6, 7]. In nature the majority of materials have positive permittity and
permeability and are often referred to as double positive media (DPS). Materials with
one parameter negative are refered to as single negative media (SNG) and some natural
materials do exhibit these characteristics at specific frequencies. For example many
metals have negative permitittivites at optical frequencies, and some ferromagnetic
materials have negative permeability at frequencies close to resonance. Materials with
negative values of both permittivity and permeability are referred to as double negative
media (DNG) and these properties are never experienced in natural materials. Many
metamaterials are created using machined structures and the geometry of the structure
is often the key element in determining the electromagnetic behaviour of the composite.
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2.1.2 Applications of metamaterials
There are many varied applications of metamaterials and their properties, and many
more being currently investigated, across a wide range of sectors. Summarised below
are a few of these properties along with their applications.
The term ‘negative index material’ is also used to define DNG media as described in
section 2.1.1. This is of considerable interest as there is no naturally occurring material
with these characteristics. There has been much work done on creating such metama-
terials as well as investigation of the effect and application of these parameters [8–10].
For example, Shelby et al. [7] have used split-ring resonators (SRR’s) embedded in a
dielectric to create a material with simultaneously negative permittivity and permeabil-
ity (figure 2.1). A time varying magnetic field applied parallel to the axis of the SRR’s
produces a magnetic resonance. The periodic array results in strong magnetic coupling
and the material can be described by an effective permeability due to the inclusions
being significantly subwavelength.
Figure 2.1: Photograph of a DNG metamaterial. The sample consists of square copper
split ring resonators and copper wire strips on fiber glass circuit board material. The
rings and wires are on opposite sides of the boards and the boards have been cut and
assembled into an interlocking lattice [7].
This is a rapidly growing area and there are countless examples; some other appli-
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cations and structures are reviewed in [11] and [12]. Arbitrarily high refractive index
also has some useful applications. It is used in imaging and lithography applications to
achieve increased resolution as well as slow light applications. Shin et al [13] describe
how metamaterials with a high refractive index over a broad bandwidth can be created
using cubic arrays of inclusions that produce a large electric dipole response whilst still
retaining small area current loops. This results in a large permittivity enhancement
without suppression of the permeability, therefore leading to a high refractive index.
Materials have been used to control electromagnetic fields for many years. This
is generally done using homogeneous materials and altering the interface; for example
in glass lenses or metal cages. However, in recent years there has been much interest
in using inhomogeneous materials, such as metamaterials, as they have far more de-
sign flexibility. In particular, the use of metamaterials to produce ‘cloaking’ media has
created a lot of interest. Pendry et al [14] discuss designing materials that redirect con-
served EM fields to create a ‘cloaking’ medium utilising a conformal mapping technique
that uses a co-ordinate change to calculate the required permittivity and permeability
of the metamaterials. Leonhardt [15, 16] developed similar conformal mapping tech-
niques at the same time. At present, the main limitation to this approach are that
it only works for a small frequency range due to the requirement of permittivity and
permeability with absolute values less than one [17].
Another cloaking method has been presented by Alu´ and Engheta [18, 19], and uses
the scattering cancellation method. The cloak and the object are treated as a single
composite material in order to reduce the scattering. However, this method requires
knowledge of the shape and the material properties of the object to be cloaked. Al-
though it is a broad-band solution, each cloak is individual to the object it is concealing
and this approach can only be used with objects much smaller than the wavelength of
the incident radiation. Lai et al have also proposed an alternative cloak for prespecified
objects [20] that utilises the scattering cancellation method.
Metamaterials have been used as electromagnetic shields in a variety of sectors for
many years. The communications industry is one of the largest users of this applica-
tion, in particular shielding microwave radiation from areas that are using fibre optic
technology. Matumura et al [21] explain how metal fibres embedded into an optically
transparent polymer and then stacked can shield microwave radiation whilst allow-
ing optical frequencies through. Antenna design has also benefited from metamaterial
developments allowing highly directional antennas to be created that rely on the meta-
material resonance, as well as enhancing the performance of small antennas. At present,
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one of the major disadvantages of metamaterials is their characteristic high loss and
limited operational bandwidths [22].
2.1.3 Diffraction
The term diffraction is used to describe the effects that occur when waves encounter
an obstacle. It comes from the Latin ‘diffringere’, meaning ‘to break into pieces’ and
the term was first introduced by Francesco Grimaldi [23] in 1665 and it is believed
that he was the first person to record diffraction observations. The first documented
study into diffraction gratings was performed by Gregory [24] when he investigated
the diffraction patterns observed through a bird’s feather. In 1803, Thomas Young
devised his seminal double slit experiment [25], in which he described the patterns
produced when light passed through two closely spaced narrow slits. By explaining
his observations as interference between waves passing through each of the slits, he
concluded that light propagates as a wave. His work was extended by Fresnel [26] and
provided evidence for Huygens’ theory that light was a wave [27].
A diffraction grating is an example of a periodic medium which can be described as
a collection of identical elements arranged in a one, two or three dimensional regular
infinite array. As a final comment on the term diffraction, it is worth noting that
interference and diffraction are often used to describe the same process.
2.2 Scattering in periodic media
How waves scatter when they encounter periodic media is of interest in a wide variety of
fields, from x-ray scattering [28] to photonic crystals [29]. For the scope of this thesis,
the term scattering will refer to the scattering of electromagnetic waves when they
encounter matter. The process of linear scattering of electromagnetic waves is the same
across all length scales due to distances being defined in terms of the wavelength and
Maxwell’s equations being in the form of first-order spatial derivatives. The response
of periodic media is governed by the ratio between the wavelength, λ, and the period
of the material, d. These can be grouped into three distinct regions: λ d, λ ∼ d and
λ d. The classical ray picture is sufficient to explain the response of periodic media
when the wavelength is much less than the period. This regime is not investigated in
this thesis and therefore no further explanation will be given.
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2.2.1 Wavelength much greater than the period
As the wavelength is much greater than the period of the structure, the radiation is not
affected by the details of the structure and the material can often be described as a ho-
mogeneous medium. However, even with subwavelength periodity, there are structures
which cannot be described as a homogenous medium due to evanescent interaction.
This is explored in more depth in chapter 7. Effective medium theories are a way of
describing the macroscopic material properties of microscopically inhomogeneous me-
dia. Effective medium approximations are used in a variety of fields but for the purpose
of this discussion it is assumed the term refers to the electromagnetic properties of
composite media.
This field has its beginnings in the mid 19th century when heterogeneous materials
were first being investigated. These older papers are notoriously hard to get hold of
and most of the information in this history has been collected from various secondary
sources [30, 31].
When looked at on an atomic level, all materials are inhomogeneous. In 1837,
Faraday described a dielectric as polarisable spheres surrounded by insulating material
that ensured they never touched. Mossotti [32] extended this work by applying his
work on the polarisation of a single molecule (1836) to this model. This work, in
connection to Clausius’s [33] work published in 1879 led to the Clausius-Mossotti model
for polarisability, which will be explored in more detail later.
Around a similar time period, Lorenz [34] and Lorentz [35] were also working (sep-
arately) on the problem of describing material responses to electromagnetic radiation,
and effective electric field expressions. A combination of their work led to the first
effective medium expression in 1880.
In 1904, J.C. Maxwell Garnett [36] produced a paper on the colours produced by
glass when small metal spheres were mixed with the glass and heated during the manu-
facturing process. In this paper he derived a relationship between the effective material
parameters of the composite medium and the material parameters of the individual con-
stituents using the Clausius-Mossotti relation and applying Maxwell’s Equations. This
formula became known as the Maxwell Garnett Approximation (MGA). Although the
MGA is based on the Clausius-Mossotti (or the Lorentz-Lorenz) relation, he extended
it from static behaviour to the behaviour of propagating waves.
The next significant approximation to deal with inhomogeneous media was provided
by Bruggeman [37–39] in 1935. Over the period from 1935 to 1937 he produced a series
of papers detailing his effective media theory, which will be addressed in more detail in
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section 2.2.1.3. There have been many other theories developed but they are all based
to some extent on either the Maxwell-Garnett Approximation or Bruggeman’s Effective
Medium Theory (EMT). A comprehensive list and evaluation of the major theories has
been produced by Ian Youngs in his Thesis [40].
Firstly, it is important to note that these approximations may apply to permittivity
(), permeability (µ) and conductivity (σ) due to the relationship between permittivity,
permeability and conductivity with Maxwell’s Equations. Effective medium theories
describe the material properties of a composite medium in terms of its constituents’
parameters and applications are common for all three parameters [41–43]. Figure 2.2
gives a schematic illustration of an effective medium.
Figure 2.2: Schematic of an effective medium. A substance composed of filler parti-
cles embedded in a surrounding medium can be represented as an homogenous effective
medium.
The dielectric response of a homogeneous medium is described in terms of the to-
tal electric field ( ~E) and the polarisation (~P ). For a given material, the response is
calculated by first determining the exact local solution per unit volume for the local
electric field and the dipole moment ( ~Eloc(~r) and ~p(~r) respectively). These are micro-
scopic solutions however, and therefore need to be averaged to obtain their respective
macroscopic parameters. The dielectric function is then determined using the relation:
~D =  ~E = ~E + 4pi ~P (2.1)
In most cases, however, even for homogeneous media, the exact internal structure is
not known and therefore the microscopic exact solution cannot be obtained.
2.2.1.1 Clausius-Mossotti relation and Lorentz-Lorenz EMA
Figure 2.3(a) shows a model of a homogeneous material as a mix of polarisable points
and ‘space’. When a uniform electric field is applied, these points will polarise according
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to equation (2.2), where ~p is the dipole moment, α is the polarisability and ~Eloc is the
local field at that particular lattice site.
~p = α~Eloc. (2.2)
(a) (b) (c)
Figure 2.3: Schematic of homogeneous material with cubic lattice structure and lattice
constant a for (a) single material with points of polarisability α surrounded by vacuum,
(b) points of polarisability α1 or α2 surrounded by vacuum and (c) points of polarisability
α1 or α2 surrounded by a host material.
The local field at each lattice site is given by the superposition of the incident field
and the fields arising from ~p due to all other lattice points. Summing over all lattice
points and averaging will give us the macroscopic solution:
~P = nα~Eloc, (2.3)
where n is the volume density of lattice points with polarisability α. The Lorentz
relation (equation 2.4) defines the local field ( ~Eloc) at a particular lattice site as
~Eloc = ~E +
1
30
~P , (2.4)
where ~E is the macroscopic average field and ~P is the polarisation from other lattic
points, and the factor of 1/3 arises from the integrating sphere at the lattice point.
Rearranging equation 2.4 and subsituting in equation 2.3 gives an average field of
~E = ~Eloc
(
1− 4pi
3
nα
)
. (2.5)
Substitution of this relation into equation (2.1) and simplifying the resultant expression
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produces the Clausius-Mossotti relation, where  is the permittivity of the points
− 1
+ 2
=
4pi
3
nα. (2.6)
To extend this result, we can apply the same model to a composite material with
two constituents (figure 2.3(b)). We assume that the lattice points are one or other
of the two materials and that the points are assigned randomly. The polarisability of
these points is different for each material (α1, α2). Applying the same derivation gives
us a relation of
− 1
+ 2
=
4pi
3
(n1α1 + n2α2). (2.7)
In equation (2.7),  is now the effective permittivity of the points formed from the
composite of the two constituents. This result can obviously be extended to any number
of constituents. We can calculate the constituent permittivities using the Clausius-
Mossotti relation. The Lorentz-Lorenz effective medium expression can be obtained
by substitution of these constituent permittivities into equation (2.7), where fi is the
volume fraction of each constituent
− 1
+ 2
= f1
(
1 − 1
1 + 2
)
+ f2
(
2 − 1
2 + 2
)
, (2.8)
where
fi =
ni
n1 + n2
.
The Lorentz-Lorenz approximation assumes that the constituents are mixed on an
atomic scale. However, in a real composite this is unlikely to be a valid assumption. It
is more likely that the material will be formed of regions of one constituent or another.
These regions are likely to be large enough to be able to be described by their own
permittivity. Taking this into account it is clear that it is not valid to model the material
as polarisable points surrounded by a vacuum. Instead, we can adjust the model for
this situation by picturing the points surround by a host medium with permittivity h
(figure 2.3(c)). The effective permittivity of the composite is now given by
− h
+ 2h
= f1
(
1 − h
1 + 2h
)
+ f2
(
2 − h
2 + 2h
)
. (2.9)
It is at this point that the MGA and Bruggeman’s EMT make different assumptions.
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2.2.1.2 Maxwell-Garnett Approximation (MGA)
It is now assumed that there is no separate host medium and that all space is filled
by either one or the other constituent. In addition, the assumption is that the con-
centration of one of the constituents is far greater than the other, in effect becoming
the host medium with the particles of the other constituent embedded into it. If we
define constituent one as the host medium and constituent two as the dilute medium,
(i.e. h = 1) and substitute this into equation (2.9), we obtain the Maxwell-Garnett
Approximation,
− h
+ 2h
= f
(
2 − h
2 + 2h
)
. (2.10)
2.2.1.3 Bruggeman’s Effective Medium Theory (EMT)
Bruggeman’s theory also makes the assumption that there is no separate host medium
and that all space is filled with one or other of the constituents. However, it does
not make any assumptions regarding the relative concentrations of the constituents.
Instead, it makes the ‘self-consistent’ choice that the host permittivity is the effective
permittivity of the composite, i.e.  = h. Therefore, equation (2.9) now becomes
0 = f1
(
1 − 
1 + 2
)
+ f2
(
2 − 
2 + 2
)
. (2.11)
Whilst these may seem relatively small differences in interpretation of the system,
they have a marked effect on the results obtained and it is important to choose the
correct theory for the material of interest. Figure 3 shows a schematic representation
of the difference in interpretation between the two basic methods.
2.2.1.4 Extensions to basic effective medium theories
It is worth emphasising that both MGA and Bruggeman’s EMT assume that the inclu-
sions are spherical, non-interacting particles. Of course, in most real composites these
are not valid assumptions. Therefore there have been many extensions to the two main
effective media approximations. These are often developed for specific systems and it is
therefore important to choose the appropriate model for the system under investigation.
An in-depth look at all the various extensions is far beyond the scope of this thesis and
so a few are mentioned here purely by way of illustration, for further information see
[40].
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Figure 2.4: Schematic representation of the difference in interpretation of the composite
structure for the Maxwell-Garnett Approximation and Bruggeman’s Effective Medium
Theory.
It has long been known that the shape of a particle and its orientation with respect
to the incident field has a pronounced effect on its polarisability and consequently
its EM field profiles. Interactions between the particles, as well as the shape of the
inclusions themselves, also play an important part in the material response. However
these parameters are not taken into account in the original equations.
The importance of the particle shape can be understood in terms of ‘screening’
[44]. ‘Screening’ is the term given to the polarisation charge that accumulates at a
boundary between the two constituents perpendicular to the incident electric field.
The more conductive the material (i.e. the higher the polarisability), the more charge
that accumulates and therefore more ‘screening’ results. This charge on the surface of
the particle effectively ‘screens’ (or cancels) the electric field from inside the particle
(figure 2.5). Therefore the contribution from this particle to the overall field is less than
expected. It is relatively simple to see that a ‘needle-like’ particle orientated parallel to
the field will have less effect on the field than a flat disc orientated perpendicular to the
incident field. There have been many publications extending these theories for different
geometries including ellipsoids, discs, needles, cylinders and cuboids [43, 45, 46].
This also leads to an alternative approach in which the value of epsilon is predicted
by mathematical bounds. The largest range of these bounds is predicted by the Weiner
bounds [31, 44]. These take the two extreme cases of no screening (all boundaries
parallel to the incident field) and full screening (all boundaries perpendicular to the
incident field). Other limit theorems have also been produced, predicting more stringent
limits for certain microstructures [47–49].
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Figure 2.5: Screening of small metal sphere in a dielectric medium under an applied
field (reproduced from [44]).
Many real random systems exhibit ‘clumping effects’ that are also believed to have
a significant effect on the electromagnetic behaviour of the system. There have been
several attempts to describe these systems in terms of fractals and then apply effective
medium theory to these fractal clusters [50–52].
A very early theory that includes particle interactions was produced by Rayleigh
[53]. To the first order, his theory produces the same relationship as the MGA. However,
his full theory uses a series expansion and it is these higher orders that account for the
interactions between the particles.
Stroud and Pan [54], on the other hand, produced an adaptation of Bruggeman’s
EMT to account for the dynamic effects caused by the metal particles in composites.
They have extended Bruggeman’s work to systems with propagating waves by including
the effect of induced eddy currents which result in increased absorption. However,
by their own admission their theory only predicts experimental observations in some
specific systems, not on a general basis.
McLachlan [55–58] has produced a large body of work on effective medium theories
to describe the conductivity of composite materials. In early work he derives two
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equations to describe the conductivity of composites as a function of the volume fraction,
space dimension, conductivity of the components and a morphology parameter. He
uses Bruggeman’s theory as a starting point and then extends it to include percolation
effects. He proposes that the exponent used to describe the power law dependence is
the fractal dimension of the system.
2.2.2 Wavelength of the same order as the period
In the λ ∼ d regime, that the majority of this thesis investigates, diffraction is fully
evident and produces a wealth of interesting phenomena. Interest in diffraction of light
by metal gratings began in earnest with Wood’s seminal observation in 1902 of two
types of reflection anomalies from metal gratings in the visible regime [59, 60].
Figure 2.6: Theoretically derived angle-dependent reflectivity data from a gold coated
grating illustrating the bright (Rayleigh) and dark (Wood’s) anomalies observed by Wood
in 1902 [59, 61].
In 1907 Lord Rayleigh provided a partial explanation of one of these anomalies
in his Dynamical Theory of Gratings [62]. He surmised that when a diffracted order
became grazing to the grating plane, the order becomes evanescent in nature and the
energy associated with that order is distributed amongst the remaining propagating
orders resulting in a bright band of high transmission (the Rayleigh Condition). It
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wasn’t until Fano’s [63] work in 1941 however, that full understanding of both of the
anomalies was reached. He explained the origin of the observed extended feature of
two dark and bright neighbouring bands in terms of a pair of surface waves that travel
along the surface of the grating. These waves are bound to the surface and decay
exponentially in the direction perpendicular to the grating.
In 1944, Bethe [64] investigated the transmission of light through arrays of small
circular holes in perfect conductors. He suggested that in cases when the period was
much smaller than the wavelength, transmission would be proportional to (a/λ)4 where
a is the radius of the hole. It is worth highlighting that this was dependent on the
area of the hole and therefore was purely non-resonant transmission. However, it was
discovered in 1998 by Ebbesen et al [2] that significantly more light than predicted
by Bethe could be transmitted by periodic arrays of subwavelength holes at specific
frequencies. This phenomenon became known as Extraordinary Optical Tranmission
(EOT) and has proved to be a seminal result.
In the microwave regime however, the phenomenon of enhanced transmission from
an array had been used for decades in frequency selective surfaces. The equivalent
seminal discovery for microwave and infra-red frequencies had occured in 1967 with
Ulrich [65, 66]. Using periods smaller than the wavelength, these structures allowed
100% tranmission at the resonant frequencies. Due to the extensive applications in the
microwave regime, this behaviour continues to attract much interest [67, 68].
2.2.3 Surface plasmons and spoof surface plasmons
Fano suggested that the surface waves he described [63] were a special case of the
surface waves suggested by Zenneck and Sommerfeld in 1909 [69, 70]. The momentum
of these surface waves is greater than that of the incident radiation and hence incident
radiation cannot couple directly to them on a planar interface and they themselves are
non-radiative. The two main methods for enhancing the incident photon momentum,
and therefore enabling coupling to the surface wave, are prism coupling [71, 72] and
grating coupling [73]. It is the periodic nature of the arrays described within this
thesis that allows the observed surface modes to be coupled to. Although the focus of
the work presented here is solely in the microwave regime, a general understanding of
surface plasmons is required before looking at the specifics of this frequency range.
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2.2.3.1 The surface plasmon polariton dispersion relation
Surface plasmons are transverse longitudinal oscillations of surface charge density.
These oscillations propagate along a metal-dielectric interface with no radiative loss.
Transverse magnetic (TM), or p-polarised radiation is required to excite a surface plas-
mon polariton (SPP) on a planar surface as the incident electric vector needs to have a
component normal to the interface in order to generate the required polarisation charge.
The dispersion of the SPP follows the light line closely until it approaches the surface
plasma frequency at ωSP = ωP/
√
+ 1 where ωP is the bulk plasma frequency of the
material. Typically for metals the bulk plasma frequency occurs in the ultra-violet part
of the spectrum, and below this frequency the real part of the permittivity is nega-
tive. The dispersion then asymptotes towards this frequency and curves away from the
light line. As the mode curves away, it changes from photon-like to plasmon-like. As
microwave frequencies are far below the surface plasma frequency, the surface mode is
always close to the light line (i.e. photon-like).
For a planar interface between two semi-infinite homogeneous media, the normal
component of the electric displacement ~D must be continuous across the interface. The
electric field ~E is related to the electric displacement via
~D = r0 ~E, (2.12)
where  = 0r, and r is the relative dielectric constant of the medium and 0 is the
permittivity of free space. Therefore in the case where the upper medium is a dielectric
(i.e. r is positive), and the lower medium is a metal (r is large and negative at visible
frequencies), the normal component of ~E will have to change direction to fulfill the
continuity requirement of ~D. It is this discontinuity in the normal ~E field that ‘traps’
the polarisation charge at the surface.
Figure 2.7 describes p-polarised light propagating with wavevector ~k = (kx, ky, 0)
incident upon an interface with resultant reflected and transmitted radiation. The
electric and magnetic fields are in the form
~E = [Ex, Ey, 0] exp(i(kxxˆ+ kyyˆ − ωt)) (2.13)
and
~H = [0, 0, Hz] exp(i(kxxˆ+ kyyˆ − ωt)). (2.14)
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Figure 2.7: The incident, reflected and transmitted fields associated with a p-polarised
wave incident on a planar interface between a metal and a dielectric.
Applying Maxwell’s equation
∇× ~H = ∂
~E
∂t
, (2.15)
results in
Hz =
ωEx
ky
= −ωEy
kx
. (2.16)
Combining this result (equation (2.16)) with the field equations (2.13), (2.14) allows the
following expressions for the incident, reflected and transmitted fields to be obtained:
~EI = EIx[1,−
kx
ky1
, 0] exp(i(kxxˆ+ ky1yˆ − ωt)),
~ER = ERx [1,
kx
ky1
, 0] exp(i(kxxˆ− ky1yˆ − ωt)),
~ET = ETx [1,−
kx
ky1
, 0] exp(i(kxxˆ+ ky1yˆ − ωt)),
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~HI = EIx[0, 0,
ω1
ky1
] exp(i(kxxˆ+ ky1yˆ − ωt)),
~HR = ERx [0, 0,−
ω1
ky1
] exp(i(kxxˆ− ky1yˆ − ωt)),
and
~HT = ETx [0, 0,
ω1
ky1
] exp(i(kxxˆ+ ky1yˆ − ωt)). (2.17)
The SPP is a non-radiative mode (i.e. a ‘trapped’ surface wave) and this property
allows either the incident or the reflected field to be arbitrarily set to zero. In this
derivation the incident field has been set to zero. In addition, the tangential boundary
conditions state that the tangential components of both the electric and the magnetic
field must be continuous at the interface. Applying these conditions gives
EIx = 0, E
R
x = E
T
x , (2.18)
and
Hz = −ERx
1ω
ky1
= ETx
2ω
ky2
. (2.19)
Combining equations (2.18) and (2.19) results in
1
ky1
= − 2
ky2
. (2.20)
Conservation of momentum requires kx1 = kx2 = kx as expected, since the interface is
a planar surface and therefore invariant under translation. Therefore the y-component
of the wavevector in the medium j may be expressed as
kyj =
√
jk20 − k2x. (2.21)
Substitution of equation (2.21) into equation (2.20) followed by rearranging results in
an expression for the SPP dispersion relation
kSPP = kx = k0
√
12
1 + 2
. (2.22)
It is worth highlighting that the epsilons are complex quantities. This is particu-
larly relevant in the microwave regime where for metals, the imaginary component is
positive and larger than the real component by at least several orders of magnitude.
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Metals at microwave frequencies are often approximated as perfect conductors (i.e.,
infinite conductivity implying that i = +∞) meaning that an SPP at microwave fre-
quencies is equivalent to a grazing photon. It is therefore critical that the full complex
permittivity value is used in any calculations. It also follows that kx is also complex.
The real component of kx describes the real wavevector of the SPP at any frequency
whilst the imaginary component describes the non-radiative damping of the mode. At
microwave frequencies, this surface wave may be considered as an SPP, as despite the
long propagation length, as there is still some penetration into the metal. The fields
decay exponentially into both the metal and the dielectric, although the fields in the
metal decay substantially more rapidly than those in the dielectric leading to a loosely
bound mode, as opposed to the tightly bound modes observed at optical frequencies
(figure 2.8).
Figure 2.8: Schematic representation of the polarisation of the surface charge density
and associated electric field for the SPP mode. The field decays exponentially into both
media penetrating the metal (2) to a lesser extent than the dielectric (1) (reproduced
from [74]).
A schematic of the SPP dispersion curve is shown in figure 2.9. The lightline corre-
sponds to the wavevector of a grazing photon for any given frequency. The dispersion
curve has two asymptotes. The higher asymptote is that of the surface plasma fre-
quency and the lower is the lightline itself, when the behaviour of the metal approaches
that of a perfect conductor (as at microwave frequencies). When an electric field is
applied to a perfect conductor, an instantaneous response occurs to exactly cancel the
applied field, excluding all fields from the metal.
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Figure 2.9: Schematic representation of the SPP dispersion curve where ωSP denotes
the surface plasma frequency (reproduced from [61]).
2.2.3.2 Spoof Surface Plasmons
In sections 2.2.3 and 2.2.3.1 the non-radiative nature of the SPP mode was intro-
duced along with the requirement of a coupling mechanism. The further away from the
lightline the SPP dispersion curve is, the greater the additional momentum required
to couple an incident photon to the SPP mode. Figure 2.9 shows that for microwave
frequencies, the SPP dispersion curve is very close to the lightline implying that the mo-
mentum required to allow an incident photon to couple to this mode is small compared
to optical frequencies. In this regime, grating coupling is the most common method.
As mentioned in the previous section, at low frequencies metals behave as near-perfect
conductors with i  |r|. The resultant surface wave is photon-like with speeds close
to the speed of light and it very loosely bound to the surface; that is the fields only
penetrate a fraction of a wavelength into the metal, but extend many wavelengths into
the dielectric. A corrugation of the interface is required to bind this mode more tightly
to the surface.
Introducing a periodic surface modulation breaks the translational surface symmetry
of the interface as shown by Barlow and Cullen’s work in 1953 [75], and by Cutler
more recently [76]. They considered a metal slab with periodic finite grooves. These
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grooves support a resonance at a depth of a quarter of a wavelength. This resonance is
analogous to the surface plasma frequency at visible frequencies. Below this resonant
frequency, the corrugated surface can support a p-polarised bound surface wave with
a cut-off at the resonant frequency of the groove. The breaking of the translational
surface symmetry means that the conservation of tangential momentum is no longer
required. The periodicity of the surface allows scattering of the incident light in a
direction normal to the surface modulation at integer numbers of the grating vector
kg (kg = 2pi/λg, where λg is the pitch of the grating). These scattered waves are the
diffracted orders produced by the surface. If the momentum of a diffracted order is
greater than the maximum allowed momentum in the incident medium, the order will
not propagate and instead will become evanescent. However, the evanescent fields have
greater in-plane momentum and the incident photons are able to excite the surface
modes beyond the lightline, giving the following condition:
~kSPP = ~k0 sin θ ±N~kg. (2.23)
where θ is the angle of incidence and N is an integer (i.e. ~k0 sin θ is the in-plane
wavevector of the incident light (see figure 2.11)). We can represent diffraction as a line
of points in reciprocal space with a separation of ~kg. As integer multiples of ~kg are added
or subtracted, thereby changing the momentum, the light cone and the SPP dispersion
curves are displaced by these scattering centres (figure 2.10). Radiative coupling is now
possible between p-polarised radiation and the diffracted SPP modes that are between
the lightlines as shown by the shaded area in figure 2.10.
The coordinate system used to describe the grating orientation is illustrated in figure
2.11. The polar angle θ is defined as the angle of incidence and is measured normal
to the plane of the grating. The azimuth angle φ is defined as the angle between the
positive x-axis and the grating vector. With respect to the plane of incidence, TM, or
p-polarised radiation is defined as having its electric vector in the plane, and TE, or
s-polarised radiation as having its electric vector normal to the plane.
For all azimuth angles other than φ = 0, ~kSPP , ~k0 and ~kg are no longer collinear and
equation (2.23) becomes
k2SPP = n
2
1k
2
0 sin
2 θ +N2k2g ± 2n1Nkgk0 sin θ cosφ. (2.24)
The two dimensional equivalent of figure 2.10 for all azimuthal angles is shown in figure
2.12.
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Figure 2.10: Dispersion curve for grating-coupled SPP’s reflected at the Brillouin zone
boundaries. The light lines are denoted by the red lines and the scattered dispersion
curves by the black lines. The scattered dispersion curves between the shaded light lines
can be radiatively coupled to [77].
Figure 2.11: Schematic illustrating the coordinate system used to describe the grating
orientation. The electric field vector is shown for p-polarised incident radiation.
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Figure 2.12: A reciprocal space representation in two dimensions of the SPP modes and
light circles produced by a grating. The maximum possible momentum in the plane from
a photon propagating above the grating is shown by the red dashed circle. The solid
circles represent the momentum of the SPP modes; the black one being the zero order
mode and the grey arcs the diffracted modes. The arrows represent the coupling between
a photon incident at angle θ and azimuth angle φ to an SPP that propagates at angle β
to the grooves of the grating (reproduced from [61]).
As before, the shaded region indicates the reciprocal space within which modes can
be excited. One important consequence of using a periodic grating is that for azimuthal
angles between 0 ◦ and 90 ◦, both p- and s-polarised radiation will excite an SPP as
both have a component of the electric vector normal to the interface.
2.3 Waveguide Modes
In chapter 3 a detailed review of the modelling methods used throughout this thesis are
presented. The analytical method (section 3.2.2) used describes the fields throughout
the structure in various characteristic forms. One of the structures investigated is a
two dimensional hole array in a sheet of perfect electrical conductor (PEC). The fields
within the holes can be described in terms of waveguide modes. It is therefore necessary
to briefly explain what is meant by a waveguide mode and their underlying physics.
The following derivations have been adapted from Microwave Engineering by Pozar
[78].
28
2. Background
2.3.1 Waveguide Modes
The walls of the waveguide are considered to be perfectly conducting and therefore as
the conductivity is infinite, all fields are excluded from the conductor. As the tangential
E fields must be continuous, within the dielectric the E fields must go to zero at the
conducting wall. There are two main types of modes with waveguides; TE (transverse
electric) solutions have the entire electric vector transverse to the wave propagation
direction (figure 2.13(a)); and TM (transverse magnetic) solutions have the entire mag-
netic vector transverse to the wave propagation direction (figure 2.13(b)). The fun-
damental TM mode is sometimes referred to as a TEM (transverse electromagnetic)
mode and both the electric and magnetic vectors are entirely transverse to the wave
propagation direction (figure 2.13(c)).
(a) (b) (c)
Figure 2.13: Schematic illustrating the field alignments and plane of incidence for (a)
TE polarisation, (b) TM polarisation and (c) TEM polarisation.
The fields can then be expressed in the form
~E = [E¯(x, y) + zˆEz(x, y)e
−ikz ] (2.25)
and
~H = [H¯(x, y) + zˆHz(x, y)e
−ikz ], (2.26)
where E¯(x, y) and H¯(x, y) represent the transverse components, Ez and Hz are the axial
components, kz = 2pi/λz and it is assumed that the fields are harmonic fields with a
variation in time of e−iωt, where all symbols have their usual meaning. The wavelength
of the guided wave is given by λz. If the waveguide is assumed to be source free it is
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true to say
∇× ~E = −iωµ ~H (2.27)
and
∇× ~H = iω ~E. (2.28)
The above relations allow equations 2.25 and 2.26 to be expressed as the following field
components:
∂Ez
∂y
+ ikzEy = −iωµHx, (2.29)
−∂Ez
∂x
− ikzEx = −iωµHy, (2.30)
∂Ey
∂y
− ∂Ex
∂y
= −iωµHz, (2.31)
∂Hz
∂y
+ ikzHy = −iωEx, (2.32)
−∂Hz
∂x
− ikzHx = iωEy, (2.33)
∂Hy
∂x
− ∂Hx
∂y
= −iωEz. (2.34)
The above equations can be solved to give the transverse components in terms of the
axial components:
Hx =
i
k2c
(
ω
∂Ez
∂y
− kz ∂Hz
∂x
)
, (2.35)
Hy =
−i
k2c
(
ω
∂Ez
∂x
− kz ∂Hz
∂y
)
, (2.36)
Ex =
−i
k2c
(
kz
∂Ez
∂x
+ ωµ
∂Hz
∂y
)
, (2.37)
Ey =
i
k2c
(
kz
∂Ez
∂y
+ ωµ
∂Hz
∂x
)
, (2.38)
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where
k2c = ω
2µ− k2z = k20 − k2z ,
is the cutoff wavevector.
2.3.1.1 TE Waves
At the start of the discussion on waveguide modes, the differences between TE and TM
modes was discussed. These differences allow us to further simplify equations (2.35) to
(2.38) to apply specifically to either TE or TM waves. Looking at TE waves first, there
is no axial component of electric field and therefore the field equations reduce to:
Hx = −ikz
k2c
∂Hz
∂x
, (2.39)
Hy = −ikz
k2c
∂Hz
∂y
, (2.40)
Ex = −iωµ
k2c
∂Hz
∂y
(2.41)
Ey =
iωµ
k2c
∂Hz
∂x
, (2.42)
and the equation for Hz becomes the two dimensional Helmholtz wave equation(
∂2
∂x2
+
∂2
∂y2
+ k2c
)
Hz = 0. (2.43)
2.3.1.2 TM Waves
A similar process can be applied for TM waves, although in this case there is no magnetic
field axial component. This results in the following general equations:
Hx =
iω
k2c
∂Ez
∂y
, (2.44)
Hy = −iω
k2c
∂Ez
∂x
, (2.45)
Ex = −ikz
k2c
∂Ez
∂x
, (2.46)
31
2. Background
Ey =
ikz
k2c
∂Ez
∂y
, (2.47)
and (
∂2
∂x2
+
∂2
∂y2
+ k2c
)
Ez = 0. (2.48)
2.3.1.3 Rectangular Waveguide Modes
Before the general equations derived in sections 2.3.1.1 and 2.3.1.2 can be solved, the
geometry of the particular waveguide must be considered. There are many different
possible geometries for waveguides and each has its characteristic modes. However this
thesis is only concerned with arrays of rectangular or square holes and therefore we
will restrict our discussion to rectangular waveguides, of which square waveguides are
a special case. The geometry of the rectangular waveguide is shown in figure 2.14.
Figure 2.14: Schematic showing the geometry and coordinate system for the rectangular
waveguide (reproduced from [78]).
The walls of the waveguide are assumed to be perfectly conducting and the waveg-
uide is filled with a lossless dielectric material characterised by permittivity  and per-
meability µ. The side of the waveguide parallel to the x-axis is denoted by a and the
side parallel to the y-axis by b. It is assumed that a > b and that the waveguide
is infinitely long and uniform in the z-direction. As before, each polarisation will be
considered separately.
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TE Modes
By defining Hz(x, y) = X(x)Y (y) we are able to use separation of variables to solve
equation (2.43) resulting in
1
X
d2X
dx2
+
1
Y
d2Y
dy2
+ k2c = 0. (2.49)
Solving this gives a general solution for Hz of
Hz(x, y) = (A cos kxx+B sin kxx)(C cos kyy +D sin kyy), (2.50)
where A, B, C and D are constants and k2c = k
2
x + k
2
y. The boundary conditions
state that the tangential electric field components must go to zero at the walls of the
waveguide; i.e. Ex(x, y) = 0 at y = 0 and y = b, and Ey(x, y) = 0 at x = 0 and x = a.
Using the expression for Hz from equation (2.50) in equations (2.41) and (2.42) gives
the following expressions for Ex and Ey;
Ex = −iωµky
k2c
(A cos kxx+B sin kxx)(−C sin kyy +D cos kyy) (2.51)
and
Ey = −iωµkx
k2c
(−A sin kxx+B cos kxx)(C cos kyy +D sin kyy). (2.52)
To satisfy the boundary conditions it is clear that B = D = 0 and that the final
solution for Hz is
Hz(x, y, z) = Auv cos
upix
a
cos
vpiy
b
e−ikzz, (2.53)
where Auv is an arbitrary amplitude coefficient and u and v are integers. Substituting
equation (2.53) into equations (2.39) to (2.42) gives the following expressions for the
transverse field components:
Ex =
iωµvpi
k2cb
Auv cos
upix
a
sin
vpiy
b
e−ikzz, (2.54)
Ey = −iωµupi
k2ca
Auv sin
upix
a
cos
vpiy
b
e−ikzz, (2.55)
Hx =
ikzupi
k2ca
Auv sin
upix
a
cos
vpiy
b
e−ikzz, (2.56)
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Hy =
ikzvpi
k2cb
Auv cos
upix
a
sin
vpiy
b
e−ikzz, (2.57)
with a propagation constant of
kz =
√
k20 − k2c =
√
k20 −
(upi
a
)2
+
(vpi
b
)2
. (2.58)
When k0 is greater than the cut-off wavevector (kc), the propagation constant is
real and the mode propagates. The dominant mode is the one with the lowest cut-off
frequency, in this case the TE10 where 1 and 0 are the values of the integers u and v
respectively. Figure 2.15 shows the electric field profiles from the first four TE modes
of a rectangular waveguide.
(a) (b)
(c) (d)
Figure 2.15: Electric field profiles in the xy-plane corresponding to the eigensolutions
of (a) the TE10, (b) TE20, (c) TE01 and (d) TE11 supported by an air filled perfectly
conducting metal waveguide. Red corresponds to a field magnitude of 1 and blue to a
magnitude of zero. The waveguide is uniform and infinite in the z-direction [77].
TM Modes
The same separation of variables method as was used for the TE modes can again be
applied to give a general solution to equation (2.48) of
Ez(x, y) = (A cos kxx+B sin kxx)(C cos kyy +D sin kyy). (2.59)
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The boundary conditions for the TM case apply directly to Ez giving Ez(x, y) = 0 at
x = 0, x = a, y = 0 and y = b. Satisifying these boundary conditions yields the solution
Ez(a, y, z) = Buv sin
upix
a
sin
vpiy
b
e−ikzz, (2.60)
where Buv is an arbitrary amplitude constant and u and v are integers. Substitut-
ing this expression into equations (2.44) to (2.47) gives the following transverse field
components:
Ex = −ikzupi
k2ca
Buv cos
upix
a
sin
vpiy
b
e−ikzz, (2.61)
Ey = −ikzvpi
k2cb
Buv sin
upix
a
cos
vpiy
b
e−ikzz, (2.62)
Hx =
iωvpi
k2cb
Buv sin
upix
a
cos
vpiy
b
e−ikzz, (2.63)
Hy = −iωupi
k2ca
Buv cos
upix
a
sin
vpiy
b
e−ikzz, (2.64)
with a propagation constant of
kz =
√
k20 − k2c =
√
k20 −
(upi
a
)2
−
(vpi
b
)2
. (2.65)
The dominant TM mode supported by the rectangular waveguide is TM11 where 1 and
0 are the values of the integers u and v respectively as for the TE modes and the electric
field profiles for the first four TM modes are illustrated in figure 2.16.
2.4 Summary
This chapter has shown that the study of EM interaction with metal-dielectric compos-
ite periodic media is well established with the first investigations being in the mid 17th
century with Grimaldi’s observations of diffraction patterns through a feather [23] and
still flourishing today. A brief overview of the main historical seminal results have been
discussed. The use of effective medium theories to describe composite media when the
constituent particles are very subwavelength has been introduced and simple deriva-
tions given for the Clausius-Mossotti formula, Maxwell Garnett Approximation and
Bruggeman’s Effective Medium Theory. Most effective medium theories use one of the
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(a) (b)
(c) (d)
Figure 2.16: Electric field profiles in the xy-plane corresponding to the eigensolutions
of (a) the TM11, (b) TM21, (c) TM12 and (d) TM31 supported by an air filled perfectly
conducting metal waveguide. Red corresponds to a field magnitude of 1 and blue to a
magnitude of zero. The waveguide is uniform and infinite in the z-direction [77].
last two methods as their starting point before extending the application of the theory
to include different geometries or allow for particle interactions.
This chapter also introduced the concept of EM surface waves supported at the
interface of dissimilar non-magnetic media. These surface waves are supported for
frequencies from the microwave regime to the optical regime until the surface plasma
frequency of the metal is reached. To tightly bind these waves at low frequencies, surface
corrugation is required and the analogies between these ‘spoof’ surface plasmons and the
surface plasmon polaritons supported at visible frequencies has been covered. Finally
this chapter addressed the various types of waveguide mode supported by a rectangular
waveguide and their EM derivation. Rectangular waveguides support both transverse
magnetic (TM) and transverse electric (TE) modes and field distributions of the lowest
order TE and TM eigenmodes were illustrated.
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Chapter 3
Analytical and Numerical
Modelling Techiques
3.1 Introduction
As discussed in section 2.1, not only the EM response itself, but the ability to predict the
response of periodic metallic media forms an extensive body of research in its own right.
There are many different modelling methods available, both numerical and analytical.
This chapter will provide a brief description of the most common methods. In addition,
it will provide an in-depth look at the two methods utilised throughout the thesis, as
well as the advantages and limitations of these methods.
Section 3.2 looks at various different analytical methods. The majority of the work
presented in this thesis utilises an analytic modal matching method to gain an under-
standing of the physics underlying the observed responses. Therefore an in-depth look
at the method of modal matching and a brief review is presented in section 3.2.2.
As well as analytical methods, numerical modelling is commonly used to predict
the response of structures to EM radiation and there are many publications purely on
numerical modelling. An overview of some of the available numerical modelling methods
is given in section 3.3. The other modelling method used throughout this thesis is the
Finite Element Method (FEM). FEM modelling is a long standing accepted numerical
method of modelling the response of structures to EM radiation and there are many
commercial packages available. This technique has been used throughout this thesis
purely as a tool to verify the veracity of the modal matching methods developed during
this research. Section 3.3.1 covers the specifics of the commercially available FEM
software used for this verification.
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Finally, the chapter concludes in section 3.4 with a summary of the salient points
for the modelling methods chosen for this work.
3.2 Analytical Methods
Most recent studies have been dominated by numerical modelling methods, however,
of the analytical methods used, the two main methods are transmission line theory
[65, 79–84] and modal matching [60, 68, 85–91]. Transmission line theory, or equivalent
circuit modelling technique as it is also known, represents the structure in terms of an
electric circuit consisting of elements with reactance and resistance equivalent to that
of the system.
3.2.1 Equivalent Circuit Modelling
Consider a free standing thin metal mesh of square holes in a square array with pitch
d and square hole of side length a where the thickness of the mesh, h, is far less
than the width of grid, (d − a), (figure 3.1(a)). For an incident plane wave on this
structure, the tangential components of the scattered electric field are continuous across
the grid, whilst the tangential magnetic field components are discontinuous. As long
as there are no propagating diffracted orders, the system may be represented by the
circuit illustrated in figure 3.1(b). Below the onset of diffraction, the zeroth order
reflection and the zeroth order transmission are the only propagating contributions of
the scattered field. In the non-diffracting regime, the complex amplitude coefficients of
these propagating scattered waves are dependent on the incident wavelength and the
geometrical parameters of the grid. Ulrich [65] shows how in the infrared regime, where
metals can be approximated as PECs with no absorption losses, the reflection and
transmission are always 90◦ out of phase with respect to each other. This is analogous
to electrical circuit components in an AC circuit. Each component of the system is
represented by a circuit component with equivalent parameters. In this case, free space
is represented by a transmission line of unity, and the mesh by a lumped admittance of
2Y [65], where admittance is the reciprocal of the impedance of the mesh, i.e. Y = 1/Z.
The admittance of the mesh needs to accurately represent the frequency dependent
response of the mesh to incident radiation. Ulrich [65] achieves this by combining
inductors and capacitors in such a way as to give a frequency dependent response that
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(a) (b)
Figure 3.1: (a) Schematic of metal mesh of thickness h with pitch d and square holes of
size a; (b) Equivalent circuit representing the mesh illustrated in figure 3.1(a), repro-
duced from [65].
is also dependent on the mesh parameters. Using only three components the response
of an inductive thin mesh below the onset of diffraction may be represented (figure 3.2).
Figure 3.2: Equivalent circuit for a single metal mesh layer detailing the single com-
ponents required to accurately represent the mesh detailed in figure 3.1(a), reproduced
from [65].
Transmission line theory has been used to analyse a variety of systems. Starting from
the simple case detailed above, more complex systems can be built up by combining
components in series or parallel until the circuit has the equivalent resonance of the
system. This approach was clearly illustrated by Sauleau et al. in 1998 [92] in their
paper investigating the resonant frequency of parallel Fabry-Pe´rot cavities consisting of
partially reflecting metal meshes. They consider two metal meshes of square holes in a
square array with pitch d and square hole of side length a (figure 3.3). The scattered
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fields from this mesh can be represented as a sum of Floquet space harmonics with
propagation constants,
γpq =
√
k2 −
(
2pi
a
)2
(p2 + q2) (3.1)
where p and q are integers and k = 2pi/λ0, where λ0 is the free space wavelength.
Figure 3.3: Schematic showing a pair of parallel inductive meshes with square apertures.
If the pitch is subwavelength then the only propagating mode is the zeroth order (or
(0,0)) mode, as all other modes are evanescent. These evanescent waves are represented
by the reactance of the equivalent circuit. Dielectric materials are represented by the
wave impedance of the bulk material i.e. Z0/
√
r where Z0 = 120piΩ is the free space
impedance. The mesh is represented by an effective impedance, Zeq, which is a function
of wavelength and the mesh parameters (a, d). Figure 3.4 illustrates the equivalent
circuit for the structure in figure 3.3.
Figure 3.4: Equivalent circuit diagram for the system in figure 3.3 (reproduced from
[92]).
In 1951 Marcuvitz [93] published formulae for the effective impedance for inductive
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(cavity) and capacitive (patch) strip gratings for TE and TM incident radiation re-
spectively. Ulrich [65] further developed this technique to produce formulae for meshes
in free space. Inductive meshes are generally reflective, however, they support a reso-
nance at which they transmit at 100%. Ulrich [65] determined the reactance, X, of an
inductive mesh to be given by:
X
Z0
= −ωr ln
(
1
sin
(
pid
2a
))(ω0
ωr
− ωr
ω0
)−1
(3.2)
where ω0 = a/λ0 and ωr is the resonant frequency and is determined by fitting experi-
mental data.
There have been various other circuit models for metal meshes, for example Chen
[94] produced a formula for the effective impedance of a mesh from a modal matching
method using a single waveguide mode. In 1985, Whitbourn and Compton [79] proposed
an equivalent circuit adaptation that accounted for systems involving different refractive
indices.
There are however, disadvantages with this method. Interactions between the
meshes are not accounted for and therefore this theory is only applicable to widely
spaced meshes. In addition, it is important that the hole size is small compared to the
pitch and that the pitch is very subwavelength. As the pitch approaches the wavelength,
the effects of evanescent diffraction become paramount and the accuracy of the circuit
approximation rapidly decreases [92].
3.2.2 Modal matching
A large proportion of the modelling presented in this thesis utilises an analytical modal
matching method to gain an understanding of the physics underlying the observed
responses. This method is based on the method presented by McPhedran [68] and later
adapted by Hendry et al. [89]. There are various modal matching methods [85, 86,
88] each with their own idiosyncrasies, however, the primary difference between them
and this particular method is that it includes the contributions from multiple-order
waveguide modes, propagating and evanescent diffracted waves. It also accounts for
finite depth holes in the calculation making it more similar to the approach taken by
Mary et al [95]. One of the crucial differences between this and some of the other
analytical models [85, 86, 90, 91] is that this approach does not involve describing the
system in terms of effective material parameters, and therefore the near field interactions
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that are so significant in this regime can be rigorously represented leading to accurate
prediction of the EM response.
In all modal matching methods the electromagnetic fields in each different region
of the structure are matched to the fields in the adjacent region at the interface. For
example, in the case of a simple three layer system, i.e. superstrate, metallic mesh
and substrate, the EM fields of the superstrate are matched to the fields in the mesh
at the top interface, and the substrate fields are matched at the bottom interface. By
applying the relevant boundary conditions and the continuity constraints of electric
and magnetic fields it is possible to obtain analytical expressions for transmission and
reflection through the structure. The starting point for the method is to first define the
electric fields in all regions.
3.2.2.1 Method
For simplicity we will consider a single sheet of PEC perforated with a square array of
square holes. For this structure there are three distinct regions of space to be considered.
These are the semi-infinite vacuum regions above (region I) and below (region III) the
film, and the composite film itself (region II) (Figure 3.5).
(a) (b)
Figure 3.5: Schematic showing (a) investigated system where the shaded area denotes
PEC, the unit cell is shown by the solid black line and the red dotted line indicates
the plane of incidence; (b) Defined regions (I, II, III) of the system used by the modal
matching method.
The electric fields in the vacuum regions above and below the film can be described
using a two dimensional Fourier-Floquet expansion of the diffracted orders (equations
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3.3 - 3.6). Note that the time dependent field component, exp (iωt) where ω is the
radial frequency, has been omitted throughout for simplicity.
EIx = Ex exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,nx Ψ
m,n
1 (x, y) exp (−ikm,nz z) (3.3)
EIy = Ey exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,ny Ψ
m,n
1 (x, y) exp (−ikm,nz z) (3.4)
EIIIx =
∑
p,q
Dp,qx Ψ
p,q
1 (x, y) exp (ik
p,q
z z) (3.5)
EIIIy =
∑
p,q
Dp,qy Ψ
p,q
1 (x, y) exp (ik
p,q
z z) (3.6)
where
Ψm,n1 (x, y) = exp
[
i
(
kx +
2mpi
d
)
x
]
exp
[
i
(
ky +
2npi
d
)
y
]
(3.7)
and
km,nz =
√(ω
c
)2
−
(
kx +
2mpi
d
)2
−
(
ky +
2npi
d
)2
(3.8)
The diffracted orders in region I are denoted by m and n and region III by p and q,
the wave-vector of the diffracted order by k, the period of the array by d and the field
amplitude by Am,n, Dp,q whilst Ψm,n1 (x, y) describes the diffracted waves. Note that for
the vacuum region above the film (region I) there is an additional term for the incident
field.
Within the PEC layer, the electric fields are only present in the holes, within which
they take the form of waveguide modes, [equations 3.9, 3.10],
EIIx =
∑
u,v
Bu,vx Ψ2 (x, y) exp (iq
u,v
z z) + C
u,v
x Ψ2 (x, y) exp (−iqu,vz z) (3.9)
EIIy =
∑
u,v
Bu,vy Ψ3 (x, y) exp (iq
u,v
z z) + C
u,v
y Ψ3 (x, y) exp (−iqu,vz z) (3.10)
where
Ψ2 (x, y) = cos
(upix
a
)
sin
(vpiy
a
)
(3.11)
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Ψ3 (x, y) = sin
(upix
a
)
cos
(vpiy
a
)
(3.12)
and
qu,vz =
√
h
(ω
c
)2
−
(upi
a
)2
−
(vpi
a
)2
(3.13)
The order of the waveguide modes are denoted by u and v with the associated propa-
gation constant given by qu,vz , the hole side length by a and the permittivity within the
cavity by h. The field amplitudes are denoted by B
u,v
i and C
u,v
i .
The tangential electric fields in all three regions have now been defined. Expressions
for the corresponding tangential magnetic field components, Hx and Hy, can now be
obtained for each region using Maxwell’s equations.
∇ · ~E = ρ
0
, (3.14)
∇× ~E = −∂
~B
∂t
. (3.15)
However, as there is no source charge in the system, equation 3.14 reduces to ∇ · ~E = 0.
Rearranging this provides an expression for Ez:
Ez =
∫ (
−∂Ex
∂x
− ∂Ey
∂y
)
(3.16)
Equation 3.16 can be substituted into the rearranged equation 3.15 to give the following
expressions for Hx and Hy:
Hx = − 1
iω
[
∂Ez
∂y
− ∂Ey
∂z
]
, (3.17)
Hy = − 1
iω
[
∂Ex
∂z
− ∂Ez
∂x
]
. (3.18)
The tangential boundary conditions require that the electric field must be continuous
at each interface across the entire unit cell, whilst the magnetic field must be continuous
across the aperture at each interface. Considering the electric field initially, if the first
interface is arbitrarily defined as occurring at z = 0, equations 3.3, 3.4, 3.9 and 3.10
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give the tangential field components as:
EIx|z=0 = Ex exp (i(kxx+ kyy))+
∑
m,n
Am,nx exp
[
i
(
kx +
2mpi
d
)
x
]
exp
[
i
(
ky +
2npi
d
)
y
]
,
(3.19)
EIy |z=0 = Ey exp (i(kxx+ kyy))+
∑
m,n
Am,ny exp
[
i
(
kx +
2mpi
d
)
x
]
exp
[
i
(
ky +
2npi
d
)
y
]
,
(3.20)
EIIx |z=0 =
∑
u,v
Bu,vx cos
(upix
a
)
sin
(vpiy
a
)
+ Cu,vx cos
(upix
a
)
sin
(vpiy
a
)
(3.21)
and
EIIy |z=0 =
∑
u,v
Bu,vy sin
(upix
a
)
cos
(vpiy
a
)
+ Cu,vy sin
(upix
a
)
cos
(vpiy
a
)
. (3.22)
The tangential electric fields in region I and region II must be equal, and continuous,
across the entire unit cell. These requirements can be fulfilled by equating the field
components in each region, multiplying both sides by the conjugate exponential term
and integrating over the unit cell:
Ex
∑
m,n
Qm,n1 + d
2
∑
m,n
Am,nx =
∑
m,n,u,v
[(Bu,vx + C
u,v
x )Q
m,n,u,v
2x ] (3.23)
Ey
∑
m,n
Qm,n1 + d
2
∑
m,n
Am,ny =
∑
m,n,u,v
[(
Bu,vy + C
u,v
y
)
Qm,n,u,v2y
]
(3.24)
where
Qm,n1 =
∫ d
0
∫ d
0
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy, (3.25)
Qm,n,u,v2x =
∫ d
0
∫ d
0
cos
(upix
a
)
sin
(vpiy
a
)
exp
[
−i
(
kx +
2mpi
d
)
x
]
exp
[
−i
(
ky +
2npi
d
)
y
]
dx dy
(3.26)
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and
Qm,n,u,v2y =
∫ d
0
∫ d
0
sin
(upix
a
)
cos
(vpiy
a
)
exp
[
−i
(
kx +
2mpi
d
)
x
]
exp
[
−i
(
ky +
2npi
d
)
y
]
dx dy.
(3.27)
The same process is applied to the tangential magnetic field components at z = 0 and
both electric and magnetic field components at the second interface (z = h), although
the tangential magnetic fields are only continuous across the aperture. This results
in four pairs of coupled simultaneous equations in terms of the unknown amplitude
coefficients. These equations can be solved to determine an analytical form for the
complex transmission and reflection amplitude coefficients,
rm,n =
√
(Am,nx )
2 + (Am,ny )
2 (3.28)
and
tp,q =
√
(Dp,qx )
2 + (Dp,qy )
2. (3.29)
3.2.2.2 Approximations and Simplifications
It is clear from equations 3.23 and 3.24 that the coupled equations to be solved involve
infinite sums of waveguide modes and diffracted orders. However, there are various
simplifications and approximations that can be applied to reduce the complexity of
these equations. The thickness of the metal mesh is far less than the wavelength and
therefore no propagating waveguide modes are supported in the holes. The inclusion
of the orders in the calculation is necessary purely as a ‘matching condition’ across
the interfaces, and therefore the first order mode is sufficient to provide an accurate
representation of the behaviour (i.e., u = 1; v = 0 for TE and u = 0; v = 1 for TM).
This assumption has been tested and verified by comparing the results including higher
orders of waveguide modes in the summation (not shown). The contribution from these
higher orders is so negligible there is no discernible affect on the transmission response,
proving the validity of this assumption. Purely for illustration purposes, the specific
case of normal incidence with the electric field oscillating parallel to the x-axis will be
explored, i.e. kx = ky = 0 and Ey = 0, however, the method for the general case is
identical. In addition, the amplitude of the incident field, Ex, will be taken to be unity.
Including only the first order waveguide mode and as there are only x-components in
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this system, the simultaneous equations to be solved reduce to:
∑
m,n
Qm,n1 + d
2
∑
m,n
Am,nx = (Bx + Cx)
∑
m,n
Qm,n,0,12 , (3.30)
d2
∑
p,q
Dp,qx exp [ihk
p,q
z ] = (Bx exp [ihqz] + Cx exp [−ihqz])
∑
p,q
Qp,q,0,12 , (3.31)
−k0,0z
2a2
pi
+
∑
m,n
[
Am,nx
(
Qm,n,0,12
)∗(
km,nz +
4m2pi2
d2km,nz
)]
= − (Bx − Cx) qz a
2
2
(3.32)
and∑
p,q
[
Dp,qx exp [ihk
p,q
z ]
(
Qm,n,0,12
)∗(
kp,qz +
4p2pi2
d2kp,qz
)]
= (Bx exp [ihqz]− Cx exp [−ihqz]) qz a
2
2
(3.33)
where
Qm,n,0,12 =
∫ d
0
∫ d
0
sin
(piy
a
)
exp
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(
2mpi
d
)
x
]
exp
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−i
(
2npi
d
)
y
]
dx dy. (3.34)
Rearranging equations 3.30 and 3.31 provides expressions for Am,nx and D
p,q
x which are
required for the complex transmission and reflection coefficients,
∑
m,n
Am,nx =
(Bx + Cx)
∑
m,n Q
m,n,u,v
2 −
∑
m,n Q
m,n
1
d2
(3.35)
and ∑
p,q
Dp,qx =
(Bx exp [ihqz] + Cx exp [−ihqz])
∑
p,q Q
p,q,u,v
2
d2 exp [ihkp,qz ]
. (3.36)
These can be substituted into equations 3.32 and 3.33 resulting in the following pair of
simultaneous equations:
−k0,0z
2a2
pi
+
(Bx + Cx)
d4
G1 − 1
d4
G2 = − (Bx − Cx) qz a
2
2
(3.37)
and
(Bx exp [ihqz] + Cx exp [−ihqz])
d4
= (Bx exp [ihqz]− Cx exp [−ihqz]) qz a
2
2
, (3.38)
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where
G1 =
∑
n,m
(4m2pi2 + d2(km,nz )
2)Qm,n,0,12 (Q
m,n,0,1
2 )
∗
km,nz
, (3.39)
G2 =
∑
n,m
(4m2pi2 + d2(km,nz )
2)Qm,n1 (Q
m,n,0,1
2 )
∗
km,nz
(3.40)
and
H =
∑
p,q
(4p2pi2 + d2(kp,qz )
2)Qp,q,0,12 (Q
p,q,0,1
2 )
∗
kp,qz
. (3.41)
These can be solved to provide expressions for Bx and Cx:
Bx =
Cx exp [−2ihqz](2H + a2d4qz)
a2d4qz − 2H (3.42)
and
Cx =
2 exp [2ihqz](2H − a2d4qz)(G2pi + 2a2d4K0,0z )
pi [2a2d4qz (1 + exp [2ihqz]) (H +G1) + (exp [2ihqz]− 1) (a2d4qz − 4G1H)] .
(3.43)
Substituting these expressions back into equation 3.29 gives the following general equa-
tion for the transmission amplitude coefficient:
tp,q =
ω
c
(
Q0,0,0,12
)∗∑
p,qQ
p,q,0,1
2∑
m,n
(
(km,nz )
2
+( 2mpid )
2
km,nz
)(
Qm,n,0,12
)∗
Qm,n,0,12
. (3.44)
The manipulation of these equations was done with the aid of Wolfram’s Mathe-
matica software [96] and the full calculation is provided in Appendix A.
3.2.2.3 Advantages and Limitations
One of the primary advantages of an analytical model over a numerical one is the
increased understanding of EM fields it can provide. As well as a numerical prediction of
the EM response, by examining the constituent terms in the equation, the origin of any
resonances can be determined. The aim of this thesis is to understand why the examined
structures interact with EM radiation as they do and therefore an analytical model is
an important tool. The modal matching method provides a more complete solution by
allowing any number of diffracted (propagating or evanescent) and waveguide modes to
be included in the calculation, although these may be truncated as necessary, as is the
case with the waveguide modes. This is an important factor as the frequency range just
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below the onset of diffraction, where evanescent fields can play a significant role, is of
particular interest. This flexibility of the model allows us to gain an understanding of
the influence of specific orders on the structure’s overall EM response. Another benefit
of the model is its fast computation time in comparison to many of the commercially
available numerical models.
There are advantages and disadvantages to all models, and modal matching is no
exception. There are two main disadvantages to this method. Firstly, there is a limit
to the geometries that can be modelled analytically. Finite arrays cannot be solved as
a unit cell is required. This limitation also means that random and aperiodic arrays
are beyond the scope of the method. In addition, the model requires an analytical form
for the waveguide modes within the hole to be available, further limiting the options
for the geometry of the hole. The second disadvantage is that each specific structure
requires an individual model. Once the model is created, parameter changes can be
done and results obtained extremely quickly, but the production of the initial model
can be time intensive.
3.3 Numerical Methods
As previously mentioned, the development of efficient modelling tools to predict and
quantify the EM response of metamaterials is extremely important. Numerical mod-
elling techniques are often chosen as analytical solutions are only possible for certain
specific regular geometries (section 3.2.2.3).
Finite Difference Time Domain (FDTD) is one of the most widely used numerical
modelling methods. It is used to solve a wide variety of EM problems including anten-
nas, microwave systems and radar cross section predictions. It was originally derived
by Yee [97] in 1966 and solves Maxwell’s curl equations in their differential form. The
program uses an iterative algorithm to numerically solve the fields in discrete time and
spatial steps. The far-field solution is then used to compute the EM properties of the
structure [22, 97, 98].
Whilst the FDTD method is known for its versatility, the conventional algorithm
cannot deal with complex geometry (such as curved surfaces) and the commercially
available software does not allow the user to edit the algorithms used. Therefore, for
complex problems, users need to be able to design and manipulate algorithms them-
selves. Another significant disadvantage is that FDTD develops numerical inaccuracies
if evanescent waves are required to be included in the calculation [22].
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Another ‘family’ of numerical models make use of volume-integral equations. These
methods involve introducing a volume current density and thereby converting the ho-
mogeneous Helmholtz equation into an inhomogeneous differential equation. This can
then be solved by finding the Green’s function and substituting this into the equation
for the electric field and performing the volume integral [99, 100]. Two methods that
use this approach are the Method of Moments (MoM) and the Discrete Dipole Approx-
imation (DDA). In the MoM approach, the structure is divided up into discrete finite
volume elements. These elements must be small enough to realistically assume that
the permittivity of each element is homogeneous. The long wavelength approximation
is applied to evaluate the electric field from each element, and then summed over the
whole volume [101]. The DDA also begins by dividing the structure into volume el-
ements and the volume current density for each element is evaluated. The incident
field is then deemed to induce a dipole moment in each element. The far field dipole
approximation is then applied and the contribution from each element is summed over
the entire volume [101].
3.3.1 Finite Element Method
Another widely used method is the Finite Element Method (FEM). Both FDTD and
FEM replace a continuous function by discrete polynomial approximations. The idea
of breaking down a difficult problem into smaller ‘finite elements’ that can be approxi-
mated is not a new one. The Greek philosopher and mathematician Archimedes used
this exact theory to determine formulae for areas and volumes, as well as an extremely
accurate approximation of pi [102]. In its modern context, the method was (re)instigated
by structural engineers. It is suggested that the first uses of it were by Hrennikoff [103]
in 1941 and McHenry [104] in 1943 with regards to aircraft design. In time the ap-
plication of this method to any continuous boundary condition problem that can be
described in terms of partial differential equations was realised and the method is now
used in a wide range of areas including (but not limited to) heat conduction problems
[105], viscous fluid flow [106], biomedical engineering [107] and electromagnetic theory
[108]. In electromagnetics, it is a conceptually similar approach to FDTD but in the
FEM it is the Helmholtz equation that is spatially discretised. Then all the boundary
conditions are solved numerically. In essence, the area is divided into a grid mesh of
sufficient detail and then the fields are solved across each grid boundary.
Throughout this thesis the validity of the analytical results from modal matching
50
3. Analytical and Numerical Modelling Techiques
have been verified by assigning numerical values to the parameters of the structure and
comparing the results with those from the commercially available numerical modelling
software, which has itself been validated using experimental studies. The software
package chosen is Ansoft’s High Frequency Structure Simulator (HFSSTM) versions 10
to 13.1 [109]. HFSSTM uses the finite element method to simulate the electromagnetic
fields through a structure. This software was chosen primarily as the Microwave Section
of the Electromagnetic Materials Group at the University of Exeter have worked with
Ansoft’s developers for several years now to allow this flexible code to be applied to
incident wave problems of complicated structures.
3.3.1.1 Introduction to HFSSTM
Ansoft’s HFSSTM is a three dimensional full-wave electromagnetic field simulator and
is one of the simulation products produced by parent company ANSYS. HFSSTM was
historically used by industrial engineers to design components such as PCB intercepts,
antennas, microwave components (including waveguide systems) and biomedical devices
as well as calculating the eigenmodes of a given system.
HFSSTM divides the model into a number of smaller sub-regions, known as elements
or tetrahedra. These tetrahedra form the mesh and the EM vector field in each element
is represented by a function. In order to differentiate between fields at the edges and
the faces of the elements, the tangential electric field components of the element edges
are stored at the vertices of the element; and the tangential electric field components
of the element’s faces are stored at the edges. The field throughout the element may
then be calculated. The system describes Maxwell’s equations in terms of matrices and
solves numerically. The number of tetrahedra in a solution (i.e. the mesh resolution)
dictates the accuracy of the field solution. In areas of high field gradient the field is
changing rapidly and if the individual tetrahedra are too large, the nodal values will
not accurately represent the field within the element. However, the larger the number
of tetrahedra in the mesh, the more processing power and computational memory is
needed. In an attempt to achieve the minimum mesh resolution whilst still obtaining
an accurate field solution HFSSTM uses adaptive passes. An initial mesh is generated
and successive passes refine the mesh in regions of high field gradient for a user-specified
number of passes.
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3.3.1.2 Using HFSSTM
HFSSTM contains an integrated computer aided design (CAD) package with which to
define the structure. The user constructs a scale drawing of the structure using simple 1-
D, 2-D and 3-D geometric objects to build into the complete structure. The parameters
of these objects may be defined as variables and either assigned a value or defined as a
function of other variables, allowing the geometry to be altered automatically.
HFSSTM contains a large materials database allowing different parts of the geomet-
ric model to be assigned accurate material parameters. This database may be added
to by the user. The materials within the database are characterised in terms of rel-
ative complex permeability (µ), relative complex permittivity (), bulk conductivity,
dielectric loss tangent (i/r) and magnetic loss tangent (µi/µr). As metals can be con-
sidered as perfect conductors at microwave frequencies, unless otherwise specified, PEC
has been used to represent all metal components of each structure. Fields are excluded
from within a perfect conductor, therefore HFSSTM only solves at the surface of PEC
components.
The software allows the user to specify different types of solution depending on
their requirements. The two used in this thesis are the driven modal solution and
the eigenmode solution. For the driven modal solution the properties of the incident
radiation may be defined to reflect the realities of the physical system: i.e. plane,
Gaussian or spherical waves in the incident medium or injected through a port such as
a waveguide. The eigenmode solution calculates the eigenmodes of the system purely
in terms of the geometry, material parameters and boundary conditions but does not
give any information regarding the coupling ability of the mode.
In order to model infinite periodic structures, as in this thesis, periodic boundary
conditions (referred to as master-slave boundaries within the software) are used. A
single unit cell of the array is drawn and then the field on a particular outer boundary
(the slave) is forced to match the field on the opposite boundary (the master) including
any phase delay between the two boundaries (figure 3.6). It is particularly important
that the unit cell is chosen so that there is no material discontinuity at the master-slave
boundaries. For example if there is metal at a specific point on the master boundary,
there must be metal on the corresponding point on the slave boundary.
The driven modal solutions used in this thesis use ‘Floquet Ports’ as their method of
excitation. These ports are defined on the incident and transmitted faces of the unit cell.
The excitation is defined as a plane wave comprising a sum of diffracted modes arising
from the periodic structure. As Floquet ports define their fields in terms of diffracted
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Figure 3.6: Master-slave boundaries are designed to allow infinite periodic structures or
arrays to be represented as a unit cell by forcing the fields at the slave boundary to be
identical to those at the master [77].
orders, they are only available for exciting periodic structures. Due to the inclusion of
the evanescent diffracted orders they produce far more accurate results when modelling
close to the onset of diffraction when compared to the results using a simple plane
wave excitation. Figure 3.7 illustrates firstly, one set of master-slave boundaries (figure
3.7(a)) and secondly, the top Floquet port (figure 3.7(b)) for a system comprising two
layers of a PEC square mesh.
In addition to the automatic iterative meshing process, the mesh may be manually
refined. The user specifies either a maximum number of tetrahedra or a maximum tetra-
hedra size for a specific design object. This is particularly useful for very subwavelength
objects to ensure they are adequately represented. Once the mesh has been refined,
HFSSTM can be set to ‘step’ through the user specified frequency range analysing the
response. Figure 3.8 illustrates the mesh produced on the top face of the unit cell of a
hole array.
Once a solution has been obtained, a useful range of tools is available to display and
analyse the results. Transmission and reflection plots for changing frequencies, material
parameters, geometrical parameters or orientation may be obtained. In addition various
field plots are available allowing the user to evaluate the magnetic and electric fields
throughout the structure. These are available for both field magnitudes and the vector
fields themselves.
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(a)
(b)
Figure 3.7: Screen shots from HFSSTM for a system comprising of two layers of a PEC
square mesh illustrating (a) one of the master-slave boundaries and (b) the top Floquet
Port excitation. A single unit cell is illustrated with the PEC being the highlighted pink
areas.
3.3.1.3 Advantages and Limitations
FEM modelling has advantages over some other methods in that it incorporates a CAD
(Computer Aided Design) package allowing complex geometries to be modelled and
solved. In particular, as mentioned in section 3.2.2.3, each modal matching computation
is for a specific geometry. This is true for many analytical models. The CAD package
in HFSSTM allows complex models to be quickly and easily constructed using basic
geometric shapes.
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Figure 3.8: A sample mesh produced by HFSSTM on the top face of the unit cell of a
hole array.
However, there are disadvantages to this numerical model. The primary drawback
of this, and many numerical models, is the large computation time required to solve a
model. HFSSTM provides a full-wave solution meaning that the programme makes no
approximations whilst solving. In addition, the mesh resolution has an important role
to play. The resolution must be fine enough to ensure that electric fields are accurately
represented, particularly close to the onset of diffraction and for areas with high field
gradients. Consequently, the larger and more complex the model to be solved, the
longer the computation time. A limitation of particularly relevance to the structures
investigated in this thesis, is the difficulty that FEM models have in representing thin
mesh layers, i.e. systems where the thickness of the mesh is much less than either the
wavelength of the incident radiation or the other dimensions of the structure. In this
situation, the number of tetrahedra required in the mesh layer for HFSSTM to accurately
describe the EM response is generally too large for the system to handle, causing the
software to ‘crash’. If the number of tetrahedra are lower, whilst the software is able
to run, the results produced do not represent the true EM response of the system.
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3.4 Conclusion
This chapter has reviewed the two main modelling methods used throughout this thesis.
The aim of this research is to further develop the understanding of the origin of the
observed responses of metal-dielectric periodic media to EM radiation. To achieve this
aim, the primary modelling tool used is an analytical modal matching method. The
model differs from some alternative modal matching approaches in that it incorporates
the effect of multiple order waveguide modes, diffracted waves (both propagating and
evanescent) and can be used to model finite depth holes. Due to the analytical nature
of the results, it is possible to link observed resonances to specific mathematical terms
and hence provide physical understanding. The flexibility of the model allows the
waveguide and diffracted orders to be included, or excluded as required. In addition,
the fast computation time in comparison to commercial numerical models is of benefit.
The veracity of the results obtained by this analytical method have been verified
using a commercially available FEM model. FEM models are a well established, exten-
sively used tool. They divide the structure into discrete spatial areas and then solve
Maxwell’s equations in differential form in each of these elements. The software used for
this verification is Ansoft’s three dimensional full-wave electromagnetic field simulator
HFSSTM. It was chosen due to its ability to solve complex geometrical systems and the
strong knowledge base within the Electromagnetic Group at the University of Exeter.
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Chapter 4
The Microwave Response of Square
Arrays of Square Elements
4.1 Introduction
This first investigative chapter studies the EM response of one of the most simple
examples of a bigrating; a square array of square holes in a sheet of PEC, and its
complementary structure of a square array of perfectly conducting square patches. The
transmissive properties of patterned thin metallic films has generated much interest in
recent years in both the optical regime [2, 110, 111] and at radio frequencies [112–115].
The arrays are modelled utilising the modal matching technique described in section
3.2.2 and employing Babinet’s Principle (see section 4.2.2). At frequencies close to, but
below, the onset of diffraction, a near-complete reflection condition is predicted for the
patch arrays, even for low metal filling fractions: conversely, for high metal filling frac-
tions a near-complete transmission condition results for hole arrays. These resonance
phenomena are associated with evanescent diffraction and the complementary nature of
the responses of the two types of array, as predicted by Babinet’s Principle, is confirmed.
In other words, the dispersion of the predicted modes for the hole array is different to
that of the patch array for the same incident polarisation. Using mathematical analysis
the reason for the dominant coupling to a particular grating vector for each array and
polarisation is explained.
Studies into random structures have suggested that the electrical connectivity of the
structure is paramount in determining its transmissivity [116]. Therefore, a connected
structure such as a hole array would demonstrate a markedly different response to
that of an unconnected structure, such as a patch array. For the initial structure
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explored within this chapter, the patch array remains unconnected until 100% metal
occupancy is reached; and conversely, the hole array remains a connected structure until
the metal occupancy reaches 0%. To investigate the changes in the EM response of a
connected and unconnected structure, the elements in the square array are rotated by
45◦ with respect to the lattice (section 4.6). A connected structure is therefore reached
for metal filling fractions of 50% and above, whilst the structure is unconnected for
metal filling fractions of less than 50%. Although it would be expected that once
electrical connectivity has been established, the array would switch from transmitting
on resonance to reflecting on resonance, for frequencies approaching the diffraction
edge, this is not the case. The evanescent diffraction discussed in the previous section
(section 4.5) is resonantly enhanced to such an extent that the expected step change in
transmission is reversed; i.e., a connected structure demonstrates increased transmission
with increasing filling fraction.
Frequency selective surfaces (FSSs) have been used by microwave engineers for many
years, particularly to screen-out unwanted radiation from sensitive locations. These
specifically designed surfaces use metallic elements to produce the desired response
over a particular frequency range [83]. Bigratings are often used as FSSs and the type
of bigrating dictates the response. Hole arrays are inductive meshes and are used to
filter out low frequencies (i.e., they are good reflectors at low frequencies), whilst patch
arrays are capacitive meshes and are used to filter out high frequency radiation (i.e.,
they are good transmitters at low frequencies). For the inductive mesh, as it is a
connected structure, the electrons in the metal can travel across the entire mesh upon
application of an electric field. The mesh is inductive due to its ability to support the
flow of current. At low frequencies the electrons travel a large distance across the mesh
before reversing direction. The electrons re-emit the radiation 180◦ out-of-phase with
respect to the incident radiation resulting in low transmission. For the complementary
capacitive mesh, the electrons are confined to the metal patches. Due to the confinement
of the patches, a net charge builds up on the edges of the patches in the direction of the
incident field leading to capacitance between neighbouring patches. For low frequencies,
the electrons are trapped at the edge of the patch (i.e. stationary) for much of the period
of the EM wave. This leads to high transmission due to the inability of the electrons
to respond to the incident field. It is worth noting that due to the 2D nature of the
bigrating, the response of these meshes is polarisation independent. There is a large
body of research concerning the EM response of these surfaces [65, 66, 83, 117, 118].
However, this has focused on the subwavelength regime where an inductive surface will
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support a TM surface mode, whilst the complementary capacitive structure will support
a TE surface mode.
The work presented in this chapter also has analogies to work undertaken in the
field of metallic photonic crystals [119, 120]. Metallic photonic crystals are materials
specifically designed in the same way as dielectric photonic crystals, but using metals.
Their properties are controlled by periodically structuring the material to a scale that
is comparable to the wavelength of interest. Although much work has been done at
optical frequencies, there has been some investigation into metallic photonic crystals at
microwave frequencies to produce materials with a negative permeability [121, 122].
There have been many studies into gratings close to the onset of diffraction. How-
ever, the vast majority of these studies have involved connected structures, such as
grooved metal surfaces [69, 75, 86, 123] or hole arrays [2, 60, 67, 110, 124–128].
4.2 Background
Chapter 2 discussed spoof surface plasmons and their associated SPP dispersion curves
(section 2.2.3.2) for a monograting (one-dimensional grating). However, an array is
periodic in two directions and is therefore known as a bigrating, or two-dimensional
grating (figure 4.1).
Figure 4.1: Schematic of a bigrating with two orthogonal grating periods λgx and λgy
with elements with side lengths ax and ay.
There are two orthogonal grating periods, λgx and λgy parallel to the x-axis and y-
axis respectively. In the case of a square bigrating, (λgx = λgy), the onset of diffraction
corresponding to the x and y periodicity will occur at the same frequency for normal
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incidence. In addition, the grating has four-fold symmetry. For a rectangular bigrating,
(λgx 6= λgy), the grating has only two-fold symmetry and the onset of diffraction for
each periodicity will occur at different frequencies.
4.2.1 Bigrating dispersion
(a) (b)
Figure 4.2: Schematic illustrating (a) the intersection of light cones centred on (0, 0)
and (0, 1) and (b) their projection onto the kx axis forming a parabolic diffracted light
line for the ky = 0 plane (reproduced from [129]).
The presence of two grating vectors results in the possibility of scattering occuring
both in the plane of incidence and out of the plane of incidence. For diffraction out of
the plane of incidence, the light line is parabolic. For example, the light cone centred
on (0, kgy) intersects with the ky = 0 plane as a parabola (figure 4.2).
The reciprocal space representation for a bigrating is similar to that for a mono-
grating (figure 2.12) but with a two dimensional lattice of scattering centres (figure
4.3).
The dispersion curves for SPP’s coupled from a bigrating are shown in figure 4.4 and
the shaded area indicates SPP’s that can be radiatively coupled to. It is clear from this
diagram that the dispersion curves greatly differ depending on whether the diffraction
is in or out of the plane of incidence. What is not clear however, is which modes should
be most strongly coupled to for a specific polarisation.
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Figure 4.3: A reciprocal space representation of a bigrating for a fixed frequency. The
scattering centres are represented by the points, the momentum of the surface modes by
the solid black circles and the available momentum from an incident photon by the red
dashed circles (reproduced from [129]).
4.2.2 Babinet’s Principle
In 1837, Babinet [131] derived a principle relating the transmission through a screen and
its complement with the transmission when no screen is present. Babinet’s Principle
states that the sum of the transmission through an infinitely thin perforated screen, with
the transmission through the complementary structure rotated by 90◦ about the normal
to its plane, is equal to unity. It is worth noting that, in the context of the present work
(i.e., in the non-diffracting regime and with θ = 0), this is equivalent to a rotation of the
incident polarisation with no rotation of the structures. The study of complementary
structures by application of Babinet’s Principle has numerous precedents [60, 66, 91,
132–134]. Babinet’s Principle was originally derived in scalar form, however, in 1946
Booker [135] derived a vector form for electromagnetic radiation. There are two primary
assumptions made by Babinet’s Principle that are worth drawing attention to. The first
assumption is that there is no absorption by the screen, hence the requirement for a PEC
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Figure 4.4: Schematic diagram illustrating the scattered light lines (dotted) and SPP
modes (solid) for a square bigrating. Negative values of m and n are represented by m¯
and n¯ and kg is represented by b in this diagram. Reproduced from [130]
screen. The second assumption is that there is no phase change through the screen,
leading to the condition that the screen must be infinitely thin. The consequences
of these assumptions are that whilst it is valid to assume that metals at microwave
frequencies behave as perfect conductors, this is not valid for higher frequencies where
the finite conductivity of metals has a significant role to play in the response of the
metal to EM radiation. The validity of Babinet’s Principle for finite thickness systems
is explored in section 4.4.1.2.
4.2.3 Derivation of Babinet’s Principle
This derivation is for the vector form of Babinet’s Principle and is adapted from the
derivation in Principles of Optics by M. Born and E. Wolff [136]. Figure 4.5 illustrates
a 2D PEC sheet perforated by a rectangular hole and its complement of a rectangular
PEC patch. The incident EM wave is propagating in the z-direction. Note that the
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polarisation of the incident electric field on the patch is rotated by 90◦ with respect to
the incident field on the aperture. This can also be described as a transformation from
~E → ~H.
(a) (b)
Figure 4.5: Schematic showing the coordinate system, incident and scattered fields for
(a) a rectangular hole in a PEC sheet, and (b) a rectangular PEC patch where the
superscripts ‘i’ and ‘s’ denote incident and scattered fields respectively (reproduced from
[129]).
On the PEC regions, the boundary conditions determine that the tangential electric
fields must go to zero; whereas the tangential ~H fields go to zero on the aperture as
there are no induced currents within it (equation 4.1):
Eix + E
s
x = E
i
y + E
s
y = 0 (PEC regions); H
s
x = H
s
y = 0 (aperture). (4.1)
Considering the case of the aperture first and redefining the incident field as ~Ei1 =
~F i where the suffix 1 denotes the aperture screen, applying the boundary conditions
described in equation 4.1, results in
F ix + E
s
1x = F
i
y + E
s
1y = 0 ⇒ Es1x = −F ix, Es1y = −F iy, (4.2)
for the PEC regions, and
Hs1x = H
s
1y = 0 (4.3)
for the aperture.
For the patch array (denoted by the suffix 2), the incident field is now defined by
~H i2 = ~F
i and the application of the boundary conditions, in terms of the total field
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gives
E2x = E2y = 0 (4.4)
for the aperture, and
H2x = F
i
x, H2y = F
i
y, (4.5)
for the PEC regions.
Maxwell’s equations are invariant in free space for the transformations ~E → ~H and
~H → − ~E. Comparing equation 4.2 with equation 4.5, and equation 4.3 with equation
4.4, it can be concluded that
~H2 = − ~Es1, (4.6)
The total electric field from the aperture screen, ~E1, is the sum of the incident and
scattered fields, i.e., ~Ei1 + ~E
s
1, which can also be written as
~E1 = ~F
i − ~H2. (4.7)
Rearranging equation 4.8 produces the required form of Babinet’s Principle
~E1 + ~H2 = ~F
i. (4.8)
Therefore, the sum of the transmission through an infinitely thin perforated screen,
with the transmission through the inverse structure rotated by 90◦ about the normal
to its plane, is equal to the incident field, i.e. unity (figure 4.6). For a non-absorbing
structure, it is consequently also true to state that the transmission through a 2D screen
is equal to the reflection from the complementary structure rotated by 90◦.
4.3 Method
The system investigated comprises a square array of square holes in a sheet of perfect
electrical conductor (PEC) (structure A) and its complementary system (structure A*)
of a square array of square PEC patches (figure 4.7).
The modal matching formalism is identical to that presented in the previous chapter
(section 3.2.2) and using the defined regions of the system as per figure 3.5(b). The
system is simplified by considering a two dimensional (2D) mesh layer i.e., h = 0, and
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Figure 4.6: Graphical illustration of Babinet’s Principle showing the transmission
through an arbitrary hole array and the transmission through its complementary patch
array for the orthogonal polarisation. At all points, the sum of the tranmission through
both arrays is equal to unity.
Figure 4.7: Schematic showing the investigated structure A and its complementary struc-
ture A*. Grey areas denote PEC and white areas air. The array has pitch d and square
elements of side length a. The black solid line indicates the unit cell and the red dashed
line the xz-plane of incidence.
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assuming that the electric field is parallel to the x-axis, i.e., Ey = 0, and that the plane
of incidence is the xy-plane (i.e., ky = 0). These considerations mean that the complex
amplitude coefficient for transmission (equation 3.44) is of the form
tp,q =
(ωc )
2√
(wc )
2−(kx)2
(
Q0,0,0,12
)∗∑
p,qQ
0,0,0,1
2∑
m,n
(
(km,nz )
2
+(kx+ 2mpid )
2
km,nz
)(
Qm,n,0,12
)∗
Qm,n,0,12
. (4.9)
The resonance of the array occurs in the non-diffracting region and therefore only the
specular transmission is required (i.e., p = q = 0). The resulting expression for the
transmission is given by
t0,0 =
(ωc )
2√
(wc )
2−(kx)2
(
Q0,0,0,12
)∗
Q0,0,0,12∑
m,n
(
(km,nz )
2
+(kx+ 2mpid )
2
km,nz
)(
Qm,n,0,12
)∗
Qm,n,0,12
. (4.10)
4.4 Results
Figure 4.8 compares numerical results using the modal matching method (including the
first three diffracted orders) with the HFSSTM solution for the transmission through a
hole array with pitch (d) of 10 mm and hole side (a) of 3 mm illuminated at normal
incidence where the incident field vector is polarised along the hole side. There is very
close agreement with the results from HFSSTM, with the modal matching transmission
values within 0.4% of those produced by HFSSTM, verifying the validity of the model
matching method.
At a frequency of ≈ 29.5 GHz, just below the onset of diffraction at 30 GHz, a peak
of complete transmission is observed despite the system being a well-connected structure
with a metal filling fraction of 91%; i.e., a structure that perhaps would conventionally
be assumed to be a low pass FSS (purely reflecting at microwave frequencies). How-
ever, this response is expected as hole array resonances have been well documented
as discussed earlier [85, 88, 89, 138]. Correspondingly, the complementary structure of
metal patches (structure A*) exhibits enhanced reflection on resonance (not illustrated)
despite very low metal occupancy.
Figure 4.9 illustrates the use of Babinet’s Principle with this method. Babinet’s
Principle (section 4.2.2) has been applied to the transmission results from the hole array
to produce the transmission results for the complementary patch array. These are then
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Figure 4.8: Comparison between the modal matching model with up to and including
the third family of evanescent orders in the calculation, and the HFSSTM solution for
structure A (figure 4.7) with d = 10 mm, a = 3 mm and h = 0 mm at normal incidence
[137]. The diffraction edge is at 30 GHz.
compared to the full solution produced by HFSSTM. The agreement is excellent and thus
gives confidence in the use of this analytical technique which is far less computationally
intensive than full solver, numerical methods. Furthermore, as previously discussed in
chapter 3, the primary advantage of this technique is that it allows further investigation
of the form of the fields and the EM response observed resulting in an improved physical
understanding of the response.
The modal matching method provides a complete solution by allowing any number
of diffracted (propagating or evanescent) and waveguide modes to be included in the
calculation. As discussed in section 3.2.2.2, the first order waveguide mode only is re-
quired to represent the behaviour accurately and as we are interested in the frequency
range below the diffraction edge, there are no propagating diffracted orders. However,
the number of evanescent diffracted orders included in the summation is important:
too few and the near fields are not accurately represented resulting in incorrect EM
responses; too many and the computational resources and run-time are adversely af-
fected. Figure 4.10 illustrates the effect on the transmission response when the number
of included evanescent diffracted orders is increased. For this simple structure, three
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Figure 4.9: Comparison between the modal matching model data after application of
Babinet’s Principle and the HFSSTM solution for structure A* (figure 4.7) at normal
incidence with d = 10 mm, a = 3 mm and h = 0 mm [137].
orders are sufficient to represent the transmission response accurately. Whilst addi-
tional orders can be included in the calculation, there is no noticeable change in the
transmission line plot with these higher orders included.
4.4.1 Geometric Parameter Variations
The three main structure parameters that can be changed are pitch d, length of hole
side a and the mesh thickness h. So far the results have pertained to 2D meshes (h = 0)
as Babinet’s Principle is only applicable for infinitely thin screens. However, in section
4.4.1.2 the effect on transmission and the application of Babinet’s Principle for meshes
of varying finite thickness is explored. Section 4.4.1.1 looks at the role that the pitch
and the size of the element plays in the EM response of 2D meshes.
4.4.1.1 Variations in Pitch and Element Size
Figure 4.11(a) shows the transmission response for a hole array (structure A) for vary-
ing hole sizes and pitch of 10 mm. In addition, the transmission as predicted by Bethe
(section 2.2.2) is also plotted to provide an indication of the degree of transmission
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Figure 4.10: The varying transmission response for structure A (figure 4.7) with d = 10
mm, a = 6 mm and h = 0 mm at normal incidence as a result of increasing the number
of evanescent diffracted orders included in the calculation.
enhancement around the resonance. The predicted transmission by Bethe is the non-
resonant contribution, but there is a resonant contribution resulting from the evanescent
diffraction allowing resonant interactions between adjacent holes (or patches). In addi-
tion, there is a third contribution arising from interference between the two channels.
There is a clear transmission enhancement for all hole sizes and as the hole size in-
creases the resonance broadens. As the transmission is enhanced, there is clearly more
than one transmission channel present in the system. These three transmission con-
tributions comprise the observed Fano-like [139] transmission response. As well as the
broadening of the resonance, as the hole (patch) side length increases, the resonant
frequency decreases due to the relative significance of the contribution from each trans-
mission channel on the overall transmission response. For small hole (patch) sizes, the
non-resonant transmission channel has little significance and the majority of the trans-
mission response is due to the resonant channel. This results in a characteristic sharp
resonant feature close to the onset of diffraction. For large holes (patches) however,
this is no longer the case. The non-resonant transmission channel forms a much larger
part of the overall transmission response and this, combined with the EM coupling
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(a)
(b)
(c)
Figure 4.11: Normal incidence transmission for a 2D hole array (structure A) with:
(a) pitch d = 10 mm and varying hole sizes, including Bethe’s predicted tranmission of
(a/λ)4 for the corresponding hole sizes; (b) square holes with side length a = 6 mm with
varying array pitch; (c) pitch to hole side length ratio, d:a of 5:3.
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of the resonant surface-like mode to radiative modes leads to a substantially broader
resonance at lower frequencies. This observation echoes that of Bravo-Abad et al. in
2007 [88].
Figure 4.11(b) illustrates the numerical results for the modal matching model at
normal incidence for a hole array with squares of side length 6 mm for varying array
pitch. As the pitch increases, the diffraction edge moves to lower frequencies according
to the relation c/λg where c is the speed of light. The resonant transmission peak is
therefore pushed up closer to the diffraction edge. In figure 4.11(c) the tranmission
response of four different arrays, all with the same pitch to hole side length ratio are
shown. The response for each mesh is almost identical albeit shifted down in frequency
due to the changes in the onset of diffraction. The fact that the resonance always
appears below the onset of diffraction is evidence of the diffractive excitation of the
mode. It implies a surface wave nature of the resonance as coupling is only achieved via
evanescent fields associated with diffraction. It is apparent that the periodicity is a far
more dominant parameter than the element size with regards to the resonant frequency.
In addition, it is evident that the Q factor (or width) of the resonance is also affected
by the period of the array; the closer the diffraction edge to the resonant frequency, the
higher the Q factor of the mode, i.e., the sharper the mode.
4.4.1.2 Variations in Mesh Thickness
Up until this point, all the structures have been infinitely thin to enable the application
of Babinet’s Principle in calculating the EM response of the patch array (structure
A*). Although for finite thickness systems Babinet’s Principle is no longer exact, it
can still be used to guide our understanding [140]. The transmissivity of hole arrays of
increasing thickness are shown in figure 4.12.
The resonant frequency occurs at ≈ 26 GHz for all thicknesses. As the thickness
of the cavity increases, it is able to support propagating waveguide modes, as in the 1
mm thick array. Figure 4.13 compares the HFSSTM solution for the patch array with
various finite thicknessess with the modal matching solution for the finite thickness holes
after Babinet’s Principle has been applied. Whilst it is clear that Babinet’s Principle
is not exact for finite thickness systems, the complementary nature of the response is
apparent, as suggested by Rockstuhl et al. [140].
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Figure 4.12: The transmission response for a hole array with d = 10 mm, a = 6 mm at
normal incidence for increasing values of mesh thickness, h.
4.4.2 Dispersion Plots
As described by Babinet’s Principle a complementary relationship exists between the
transmission response of a 2D PEC screen and its inverse. The analytical data shown
in figure 4.14 indicates that for different polarisations in each array, the incident ra-
diation preferentially scatters more strongly from one grating. In the patch array, for
p-polarisation the mode closely follows the in-plane (0, 1) and (0,−1) diffracted light
lines whilst for s-polarisation, it follows the (−1, 0) and (1, 0) light lines out of the
plane. The complementary nature is clearly evident in the non-diffracting region be-
low the light line of figure 4.14. Figure 4.14 illustrates the zeroth order transmission
and therefore after the onset of diffraction the dispersion plots do not include any of
the propagating diffracted orders and hence no relationship can be inferred above the
diffracted light lines.
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(a)
(b)
(c)
Figure 4.13: Comparison for normal incidence transmission between the modal match-
ing transmission data (black line) for the finite depth hole arrays after application of
Babinet’s Principle with the HFSSTM solution (red line) for finite depth patch arrays
for depths of (a) 18 µm, (b) 400 µm and (c) 1000 µm.
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(a) (b)
(c) (d)
Figure 4.14: Dispersion plots using the modal matching model for the transmission for;
(a) s-polarisation for structure A, (b) p-polarisation for structure A*, (c) p-polarisation
for structure A, (d) s-polarisation for structure A* (figure 4.7) with d = 10 mm, a = 6
mm and h = 0 mm [137]. Red signifies a transmission value of 0 and black a tranmission
value of 1.
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4.5 Discussion
4.5.1 Mathematical Analysis
Analysis of the resulting equations for the transmission and reflection coefficients shows
the dominance of scattering from a particular grating vector, as also reported by Bravo-
Abad et al [90]. However, further analysis is needed to understand the reason for
this dominance. Examination of equation 4.10 shows that the transmission reaches a
maximum when equation 4.11 is a minimum.
L =
(km,nz )
2 +
(
kx +
2mpi
d
)2
km,nz
(4.11)
By substituting the explicit expression for km,nz and differentiating, the turning points
of equation 4.11 can be determined. The differential of equation 4.11 with respect to ω
results in
∂L
∂ω
=
w
(
1− (kx+
2mpi
d )
2
ω2
c2
− 4n2pi2
d2
−(kx+ 2mpid )
2
)
c2
√
ω2
c2
− 4n2pi2
d2
− (kx + 2mpid )2 . (4.12)
The solution of ∂L/∂ω = 0 provides the condition that equation 4.11 is a minimum
when
ω
c
=
√
2k2x +
8mpi
d
(
kx +
mpi
d
)
+
4n2pi2
d2
. (4.13)
It is clear from examination of equation 4.13 that this condition occurs for [m, 0]
orders and [0, n] orders when
ω
c
=
√
2
(
kx +
2mpi
d
)
(4.14)
and
ω
c
=
√
2k2x +
4n2pi2
d2
(4.15)
respectively. Further investigation reveals that for p-polarised incident radiation, the
[m, 0] orders dominate the effect, as predicted, due to the associated overlap integrals,
Qm,n,u,v, also being large under this condition; whilst for s-polarised incident radiation,
the Qm,n,u,v terms are large for the [0, n] orders.
The electric field on the surface of the mesh (i.e., h = 0) in region III (equation 3.5)
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is described by
EIII =
∑
m,n
tm,n exp
[
i
(
kx +
2mpi
d
)
x
]
exp
[
i
(
2npi
d
)
y
]
. (4.16)
At the resonant condition for p-polarised incident radiation, this ~E field is dominated
by the tm,0 exp
[
i
(
kx +
2mpi
d
)
x
]
term. This term describes a surface plane wave com-
ponent propagating in the x-direction with wavevector
(
kx +
2mpi
d
)
. Using the same
approach, it can be shown that for incident s-polarisation, the dominant term is given
by t0,n exp
[
i
(
2npi
d
)
y
]
describing a surface plane wave component propagating in the
y-direction with wavevector
(
2npi
d
)
.
Conversely, for the patch array (structure A*), Babinet’s Principle predicts that
it is the p-polarisation that will result in a dominant surface plane wave component
propagating in the y-direction and the s-polarisation is required to produce a dominant
component propagating in the x-direction.
4.5.2 Physical meaning
These field components can be interpreted by considering an incident electric field upon
a patch array (structure A*), that induces a dipolar response in the patches. Each of
these dipoles radiate and the strong radiated fields are in a plane orthogonal to the
orientation of the dipoles. This dipolar interpretation is well known and has been
used to describe the system in the small-patch limit [91, 141]. This leads to regions of
enhanced electric fields in the spaces between the patches orthogonal to the polarisation
direction. The resultant large modulation in electric field reflects the fact that scattering
from the grating vector perpendicular to the polarisation dominates the response (figure
4.15(a)). Figures 4.15(b) and 4.15(c) show the electric field enhancement for the patch
array (figure 4.7), produced using the modal matching model. Close to the film, there
is strong modulation in both directions (figure 4.15(b)), however, exploring the fields
further away shows that the scattering from the grating vector parallel to the incident
field decays very quickly with distance, and the scattering from the grating vector
perpendicular to the incident dominates (figure 4.15(c)).
Dipoles are also induced in the hole array upon application of an electric field;
however, these are not discrete dipoles as this is a connected structure and therefore
supports real surface currents. These surface currents run parallel to the ~E field, but
due to the presence of the holes, there is enhancement of the surface current density at
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(a) (b)
(c)
Figure 4.15: (a) Schematic of dipole array description showing the regions of enhanced
~E field, indicated by red dashed line for a square array of square PEC patches; ~E field
plots produced from the modal matching model for a patch array with pitch of 10 mm
and patch side of length 3 mm showing the ~E field enhancement with the incident ~E
field polarised along the x-axis for (b) 0.5 mm below the structure and (c) 4 mm below
the structure showing the dominance of the scattering from the (0, kg) grating. Black
denotes low transmission and white high transmission.
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the narrowest point (between the holes). This results in regions of enhanced magnetic
( ~H) fields orthogonal to the surface current direction. Similarly to the patch array, it
is these regions of enhanced field and the resultant field modulation that leads to the
scattering from the grating vector parallel to the polarisation dominating the response
(figure 4.16).
4.6 Rotated holes and patches
The complementary relationship between the observed enhanced responses of hole and
patch arrays raises the interesting question as to how the response will behave as the
metal fill fraction of a patch array increases to the point at which the system becomes
electrically connected. Consider a square array of square holes in a sheet of PEC rotated
by 45◦ about their centre (structure B) and its inverse (structure B*) as illustrated in
figure 4.17. This somewhat unconventional geometry results in electrical continuity
being established for metal fill fractions of 50% and above for both structure B and
B*. This is markedly different from the conventional square array, where for structure
A electrical connectivity does not terminate until 0% metal fill fraction and structure
A* where connectivity is not established until 100% metal fill fraction. Whilst the
response of films as a function of fill fractions has been investigated before [88], these
investigations tend to be on either electrically connected or disconnected systems such as
structure A and A*. The self-similarity that results for the arrays of rotated elements
(structures B and B*) allows the microwave response of both systems for the entire
range of filling fractions to be predicted by only considering filling fractions between
0% and 50% for one of the structures and employing Babinet’s Principle to predict the
response of the complementary structure.
4.6.1 Method
The modal matching method is now applied to analyse the response of structure B.
The general method follows the same process as detailed in section 4.3, however the
equations need to be altered to account for the geometry changes in the unit cell.
Although the electric fields in regions I and III can still be described by a 2D Fourier-
Floquet expansion of the diffracted orders of the form described in equations 3.3 - 3.6,
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(a) (b)
(c)
Figure 4.16: (a) Schematic of surface current description showing the regions of en-
hanced ~H field, indicated by red dashed line for a square array of square holes in a
PEC sheet; ~H field plots produced from the modal matching model for a hole array with
pitch of 10 mm and hole side of length 3 mm showing the ~H field enhancement with
the incident ~E field polarised along the y-axis for (b) 0.5 mm below the structure and
(c) 4 mm below the structure showing the dominance of the scattering from the (kg, 0)
grating. Black denotes low transmission and white high transmission.
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Figure 4.17: Schematic of the modified structure of a square array of square holes rotated
by 45◦ with respect to the coordinate system in a PEC sheet and its complementary
system of a square array of rotated square PEC patches structures B and B* respectively
(reproduced from [137])
.
Ψm,n1 (x, y) now takes the form
Ψm,n1 (x, y) = exp
[
i
2mpi
d
(
x+ y√
2
)]
exp (ikxx) exp
[
i
2npi
d
(
y − x√
2
)]
exp (ikyy). (4.17)
where all symbols have the same meaning as defined before. The equations describ-
ing the waveguide modes are unchanged; however, care must be taken when applying
the orthogonality and boundary conditions to ensure that the boundaries are defined
correctly with respect to the rotated geometry of the hole.
4.6.2 Results and Discussion
As for the regular square array, both the rotated hole and the patch arrays exhibit a
resonant feature close to the onset of diffraction due to the hybridisation of the array
resonance of the mesh with the dipolar mode of the element. Due to the rotated
geometry, structures with a metal fill fraction of M% are the exact inverse of those
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with a metal fill fraction of (100 −M%). Assuming that these meshes are infinitely
thin, Babinet’s Principle can be applied and the transmissivity (T1) of one mesh will
be the complement of the other mesh, (1− T1 = T2).
Considering the square array of PEC rotated patches (structure B*), for low frequen-
cies a ‘step change’ from high to low transmissivity occurs when electrical continuity
is established (for structure B* this is at 50% metal occupancy). At DC this change
would be a perfect step function, however as the frequency is increased this step change
is expected to be ‘softened’. This ‘softening’ is due to the restraints on electron move-
ments caused by the finite frequency of the incident radiation. For metal occupancy of
greater than 50%, currents are able to propagate throughout the connected metal. The
13 GHz data of figure 4.18 illustrates this ‘softened’ response.
Figure 4.18: Transmission through a square array of rotated square holes in a PEC
sheet with a pitch of 7 mm at normal incidence as a function of metal filling fraction
for 13 and 35 GHz (reproduced from [137])
.
The closer the incident wavelength is to the pitch of the grating, λg, the greater the
perturbation due to the resonance. As the frequency becomes more comparable to the
onset of diffraction, the strength of the evanescent diffraction is such that the resulting
resonance perturbs the response so strongly that the step change is completely reversed
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as shown by the 35 GHz data of figure 4.18. As the frequency is increased for a particular
metal occupancy, intuition would imply that the transmission would decrease due to
the inability of the electrons to respond to the increased frequency. However, figure
4.18 illustrates that the structure actually reaches 100% transmission past the point of
electrical connectivity due to the strong resonance of the structure. It is also worth
noting that both transmission curves illustrated in figure 4.18 have inversion symmetry
about the point of 50% metal fill fraction. This is due to the complementary nature
between the two types of meshes. This extraordinary result has also been observed
experimentally [142].
4.7 Summary
In conclusion, using a modal matching method, a complete analytical solution for the
reflectance and transmission from a thin PEC-dielectric film has been presented, demon-
strating the possibility of enhanced reflectance from low metal occupancy structures
and enhanced transmission from high metal occupancy structures. The original film
explored comprised a square array of square elements orientated parallel to the axes of
the coordinate system. The method allows for fast calculations and its flexibility means
that successively higher evanescent diffracted and waveguide orders can be included
separately, allowing for detailed mathematical analysis to be undertaken to confirm the
origin of observed features. The response to EM radiation of these arrays is due to a
combination of resonant and non-resonant transmission channels. The resonant chan-
nel results from the near-field interaction of array elements mediated by the evanescent
diffraction associated with the array geometry. Babinet’s Principle has been derived
and employed, and as predicted, the response of each structure and its inverse has been
shown to have a complementary relationship. Exploration of the analytical expressions
obtained for the transmission through each structure explains the origin of the observed
resonances and demonstrates their complementary nature. For different polarisations in
each array, the incident radiation preferentially scatters more strongly from one grating
than the other.
To further explore the transmission response for systems with and without electrical
connectivity, a square array of rotated square elements was investigated. The impor-
tance of the role of the evanescent diffraction has been illustrated, showing that it can
perturb the response to such an extent that the expected step change in transmission
at electrical connectivity can be completely reversed. The modal matching method has
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been used to explore one of the most simple systems, a square array of square elements.
The analytical nature of the solution has allowed mathematical verification of the origin
of the transmission response to be extracted resulting in an improved understanding of
the physics underlying the phenomenon.
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Chapter 5
The Aspect Ratio Dependence of
the Microwave Response of Hole
Arrays
5.1 Introduction
The previous chapter presented an analytical solution for the reflectance and transmis-
sion through a thin PEC-dielectric film. The structure consisted of a square array of
square elements providing four-fold symmetry in both the array and the geometry of the
elements. This chapter extends that initial investigation by exploring the dependence
of the EM response on the aspect ratio of the elements and the symmetry of the array.
This creates an additional tuneability of the structure by independently altering the
EM response from each orthogonal axis. It will be shown that the resonant frequency
of the array is dictated by both the fundamental resonance of an individual element
and the interaction of the evanescent diffractive fields with this elemental mode.
Following the seminal work by Ebbesen et al [2], the resurgence of interest in the
EM response of periodic media, amongst other things, investigated the effect the hole
shape had on the observed response [143–152]. In 2007, Mary et al [95] investigated
the interaction between the localised hole resonance of a rectangular aperture with the
excitation of the SPPs that facilitate extraordinary transmission in an array of holes
in a real metal at optical frequencies. They reported that the array resonance was a
hybrid resonance and it was not possible to separate the two contributions. This agreed
with the earlier work of van der Molen et al [147], and has also been reported by Zhao
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et al in their numerical modelling paper investigating the polarisation dependence of
the EM response of hole arrays [153].
Periodicity plays an important role in the EM response of these structures due to the
possibility of incident radiation scattering from both orthogonal gratings. Rectangular
arrays provide an additional opportunity to ‘tune’ the response of the bigrating by
independently altering the periodicity along the orthogonal axes [154].
Section 4.4 established the complementary nature of the response of hole and patch
arrays and thus, as the complementary array’s response can be trivially deduced,
throughout this chapter the described arrays only refer to arrays of holes in a PEC
sheet. In the next section (section 5.2), the adaptations made to the modal matching
formulation are detailed for each specific geometry. Following this, section 5.3 analyses
the results for each investigated geometry separately including a numerical comparison
using HFSSTM as verification of the accuracy of the model. The first of these geome-
tries (section 5.3.1) is a regular square array of rectangular holes in a sheet of PEC; the
second geometry (section 5.3.2) comprises a rectangular array, i.e. differing orthogonal
pitches, of square holes in a sheet of PEC; and lastly, section 5.3.3 discusses trans-
mission results for a rectangular array of rectangular holes. The conclusions of these
explorations are summarised in section 5.4.
5.2 Method
In all investigated systems the modelling method is unchanged from that detailed in
section 3.2.2. What has changed however, are the initial equations describing the fields
in each region. Whilst they are of the same form as the square array of square holes,
the parameters need to be altered to reflect the change in geometry.
5.2.1 Square Array of Rectangular Holes
The investigated system is illustrated in figure 5.1 and consists of a sheet of PEC with
a square array of rectangular holes. For simplicity, only normal incidence is considered
and the incident ~E field is parallel to the x-axis. There is no change in the symmetry
of the array, only in the symmetry of the hole, therefore it is only the form of the fields
(equations 3.9 and 3.10) within the holes that need amending.
EIIx =
∑
u,v
Bu,vx Ψ2 (x, y) exp (iq
u,v
z z) + C
u,v
x Ψ2 (x, y) exp (−iqu,vz z) (5.1)
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Figure 5.1: Schematic of a regular square array of rectangular holes in a PEC sheet.
Grey areas denote PEC and white areas vacuum. The array has pitch d and rectangular
holes of side length ax and ay parallel to the axes of the coordinate system. The black
solid line indicates the unit cell and the red dashed line the xz-plane of incidence.
and
EIIy =
∑
u,v
Bu,vy Ψ3 (x, y) exp (iq
u,v
z z) + C
u,v
y Ψ3 (x, y) exp (−iqu,vz z), (5.2)
where
Ψ2 (x, y) = cos
(
upix
ax
)
sin
(
vpiy
ay
)
, (5.3)
Ψ3 (x, y) = sin
(
upix
ax
)
cos
(
vpiy
ay
)
(5.4)
and
qu,vz =
√
h
(ω
c
)2
−
(
upi
ax
)2
−
(
vpi
ay
)2
. (5.5)
As before, the order of the waveguide modes are denoted by u and v with the associated
propagation constant given by qu,vz , the hole side length parallel to the x-axis by ax, the
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hole side length parallel to the y-axis by ay and the permittivity within the cavity by
h. The field amplitudes are denoted by B
u,v
i and C
u,v
i .
5.2.2 Rectangular Array of Square Holes
Figure 5.2: Schematic of a regular rectangular array of square holes in a PEC sheet.
Grey areas denote PEC and white areas vacuum. The pitch of the array is dx and dy
parallel to the axes of the coordinate system and square holes of side length a. The black
solid line indicates the unit cell and the red dashed line the xz-plane of incidence.
The investigated system is illustrated in figure 5.2 and consists of a sheet of PEC with
a rectangular array of square holes. For simplicity, only normal incidence is considered
and the incident ~E field is parallel to the x-axis. In this case, it is the symmetry of the
array that is broken, whilst the hole still has four-fold symmetry and therefore the form
of the fields above and below the mesh (equations 3.3 - 3.6) needs to be amended.
EIx = Ex exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,nx Ψ
m,n
1 (x, y) exp (−ikm,nz z), (5.6)
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EIy = Ey exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,ny Ψ
m,n
1 (x, y) exp (−ikm,nz z), (5.7)
EIIIx =
∑
p,q
Dp,qx Ψ
p,q
1 (x, y) exp (ik
p,q
z z), (5.8)
and
EIIIy =
∑
p,q
Dp,qy Ψ
p,q
1 (x, y) exp (ik
p,q
z z), (5.9)
where
Ψm,n1 (x, y) = exp
[
i
(
kx +
2mpi
dx
)
x
]
exp
[
i
(
ky +
2npi
dy
)
y
]
(5.10)
and
km,nz =
√(ω
c
)2
−
(
kx +
2mpi
dx
)2
−
(
ky +
2npi
dy
)2
. (5.11)
The diffracted orders in region I are denoted by m and n and region III by p and q, the
wave-vector of the diffracted order by k, the period of the array by dx and dy parallel to
the x- and y-axes respectively and the field amplitude by Am,n, Dp,q whilst Ψm,n1 (x, y)
describes the diffracted waves. For the vacuum region above the film (region I) there is
an additional term for the incident field.
5.2.3 Rectangular Array of Rectangular Holes
The investigated system is illustrated in figure 5.3 and consists of a sheet of PEC with
a rectangular array of rectangular holes. Again only normal incidence is considered
and the incident ~E field is parallel to the x-axis. In the final investigated structure,
neither the array nor the holes have retained their four-fold symmetry resulting in the
equations describing the fields in all three regions having to be altered to reflect the
geometrical changes.
The electric fields in the vacuum regions above and below the film (regions I and III)
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Figure 5.3: Schematic of a regular rectangular array of rectangular holes in a PEC
sheet. Grey areas denote PEC and white areas vacuum. The array has pitch dx and
dy and rectangular holes of side length ax and ay parallel to the axes of the coordinate
system. The black solid line indicates the unit cell and the red dashed line the xz-plane
of incidence.
are described by two dimensional Fourier-Floquet expansions of the diffracted orders.
EIx = Ex exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,nx Ψ
m,n
1 (x, y) exp (−ikm,nz z), (5.12)
EIy = Ey exp (ikxx) exp (ik
0,0
z z) +
∑
m,n
Am,ny Ψ
m,n
1 (x, y) exp (−ikm,nz z), (5.13)
EIIIx =
∑
p,q
Dp,qx Ψ
p,q
1 (x, y) exp (ik
p,q
z z), (5.14)
and
EIIIy =
∑
p,q
Dp,qy Ψ
p,q
1 (x, y) exp (ik
p,q
z z), (5.15)
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where
Ψm,n1 (x, y) = exp
[
i
(
kx +
2mpi
dx
)
x
]
exp
[
i
(
ky +
2npi
dy
)
y
]
(5.16)
and
km,nz =
√(ω
c
)2
−
(
kx +
2mpi
dx
)2
−
(
ky +
2npi
dy
)2
, (5.17)
where all symbols have their previously defined meanings.
Within the PEC layer, the electric fields take the form of waveguide modes within
the holes.
EIIx =
∑
u,v
Bu,vx Ψ2 (x, y) exp (iq
u,v
z z) + C
u,v
x Ψ2 (x, y) exp (−iqu,vz z) (5.18)
and
EIIy =
∑
u,v
Bu,vy Ψ3 (x, y) exp (iq
u,v
z z) + C
u,v
y Ψ3 (x, y) exp (−iqu,vz z), (5.19)
where
Ψ2 (x, y) = cos
(
upix
ax
)
sin
(
vpiy
ay
)
, (5.20)
Ψ3 (x, y) = sin
(
upix
ax
)
cos
(
vpiy
ay
)
(5.21)
and
qu,vz =
√
h
(ω
c
)2
−
(
upi
ax
)2
−
(
vpi
ay
)2
. (5.22)
All symbols have their previously defined meanings and the analytical solution now
follows the same method as detailed in section 3.2.2.1.
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Figure 5.4: Comparison between the modal matching model and the solution derived
using a finite element method model for a square array of rectangular holes in a PEC
sheet at normal incidence with d = 10 mm, ax = 3 mm and ay = 8 mm.
5.3 Results and Discussion
5.3.1 Square Array of Rectangular Holes
A comparison between the FEM solution and the modal matching approach for a square
array of pitch 10 mm of rectangular holes of side lengths 3 mm and 8 mm parallel to
the x- and y-axes respectively where the incident field is polarised parallel to the x-axis
is illustrated in figure 5.4, verifying the validity of the model. The modal matching
results are within 2% of those FEM model and this is due to the finite mesh resolution
of the FEM model and the truncation of the Fourier sum in the modal matching model
(not shown).
Figure 5.5 illustrates the EM response for a square array of rectangular holes: in
figure 5.5(a), the sides of the rectangular hole parallel to the incident radiation are
fixed, and the two perpendicular sides are varied in length; and vice versa in figure
5.5(b). As ay increases in length, the frequency of the transmission resonance decreases
due to the associated decrease in the resonant frequency of the fundamental waveguide
mode (figure 5.5(a)). This trend was also reported for optical frequencies in 2005
by van der Molen [147]. For large values of ay, the frequency of the transmission
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(a)
(b)
(c)
Figure 5.5: Transmission response for a square array of rectangular holes in a PEC
sheet with pitch 10 mm for (a) ax = 0.1 mm, (b) ay = 8 mm, at normal incidence with
the incident radiation polarised parallel to the x-axis, and (c) a scale schematic of the
change in unit cell illustrated in graph.
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resonance approaches that of the fundamental dipolar mode of the hole, and the role of
evanescent diffraction becomes less significant. As the mode is quantised perpendicular
to the polarisation of incident radiation, intuition may suggest that little dependence
on the value of ax would be seen. However, as figure 5.5(b) shows, this is not the
case. Instead, as ax increases in length, the modelled resonance broadens and the
peak moves to higher frequencies. In addition, the resonance becomes asymmetrical as
the EM response is perturbed by the evanescent diffractive fields. This behaviour is
explained in the following section.
5.3.1.1 Analysis of results
The complex amplitude coefficient expression for the transmission is of the same form
as for the square array of square holes (equation 4.10), however, the overlap integrals
are changed due to the geometrical changes to the hole, i.e., from square to rectangular,
Qm,n,0,12 =
∫ ay
0
∫ ax
0
sin
(
piy
ay
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy (5.23)
and
(Qm,n,0,12 )
∗ =
∫ ay
0
∫ ax
0
sin
(
piy
ay
)
exp
[
i
(
2mpi
d
)
x
]
exp
[
i
(
2npi
d
)
y
]
dx dy. (5.24)
From equations 5.23 and 5.24 it is clear that there is a dependence on both ax and
ay as suggested by figure 5.5. The asymmetry of the response is a direct result of this
dual dependence, with the extent of the asymmetry being determined by the relative
significance of each of the parameters. However, the significance of each parameter
perhaps cannot be envisaged as clearly. For [0, n] diffracted orders, equations 5.23 and
5.24 become:
Q0,n,0,12 =
axayd
2
(
1 + exp[(−2iaynpi
d
)]
)
(d2 − 4a2yn2)pi
(5.25)
and
(Q0,n,0,12 )
∗ =
axayd
2
(
1 + exp[(2iaynpi
d
)]
)
(d2 − 4a2yn2)pi
; (5.26)
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whilst for all other diffracted orders, i.e. [m,n] where m 6= 0, they are given by
Qm,n,0,12 = −
iayd
3 exp[(−2i(axm+ayn)pi
d
)]
(
exp[(2iaxmpi
d
)]− 1) (1 + exp[(2iaynpi
d
)]
)
2m(d2 − 4a2yn2)pi2
(5.27)
and
(Qm,n,0,12 )
∗ = −
iayd
3
(
exp[(2iaxmpi
d
)]− 1) (1 + exp[(2iaynpi
d
)]
)
2m(d2 − 4a2yn2)pi2
. (5.28)
Further examination of equations 5.25 to 5.28 reveals that in all cases, for incident
radiation polarised along the x-axis, it is the length of the hole orthogonal to the po-
larisation, i.e., parallel to the y-axis (ay), that is the dominant parameter. As expected
from the results from the previous chapter, the greater the size of the hole, the larger
the overlap integrals; and therefore increasing either hole side will increase the overlap
integral. However, increasing ay results in the numerator increasing and the denomina-
tor decreasing creating a significant change in the overlap integral, whilst the overlap
integral has a linear relationship with ax. The broadening of the mode observed in
figure 5.5(b) is similar to the broadening seen in figure 4.11(a) due to the non-resonant
transmission channel becoming more dominant for larger holes. This description can
now be clarified by the statement that it is ax that determines the significance of the
non-resonant channel whilst ay determines the significance of the resonant transmission
channel.
If this array is considered in terms of an LC circuit model, the influence of ax and
ay on the position of the resonance is perhaps clearer to see. Although hole arrays are
considered as inductive FSSs [135, 155] (section 4.1), they have both an inductive and
capacitive contribution when considered in terms of an equivalent circuit [65, 83], as
illustrated by figure 5.6 and figure 3.2. The hole geometry will affect both the inductance
and capacitance of the equivalent circuit. If the incident radiation is polarised parallel
to the x-axis, a capacitance will exist between the sides of the hole parallel to the y-axis
(ay). These will act as a parallel plate capacitor and therefore the capacitance, C, will
be proportional to the plate area (ayh) divided by the distance between them (ax). The
inductance, L, is given by the integral of the surface current density and consequently
is proportional to the area of the conductor (ay(d− ax)). Therefore, looking at ay first,
both the capacitance and the inductance are directly proportional to ay, i.e. C ∝ ay and
L ∝ ay. As ay increases, so will both the inductance and capacitance of the equivalent
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Figure 5.6: Schematic of a square array of rectangular holes showing the capacitive and
inductive components.
circuit. As equation 5.29 shows, this means that as ay increases, the resonant frequency
will decrease.
ω =
1√
LC
∝ 1√
a2y
∝ 1
ay
. (5.29)
By contrast, for ax, the capacitance is inversely proportional to ax while the inductance
is still directly proportional to the period minus ax (i.e. C ∝ 1ax and L ∝ (d − ax)).
Consequently as ax increases, so will the resonant frequency (equation 5.30).
ω =
1√
LC
∝
√
ax
d− ax . (5.30)
5.3.2 Rectangular Array of Square Holes
Figure 5.7 shows the comparison between the HFSSTM solution and the modal matching
approach for a rectangular array with pitch of 10 mm and 8 mm parallel to the x- and
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Figure 5.7: Comparison between the modal matching model and the solution derived
using a FEM model for a rectangular array of square holes in a PEC sheet at normal
incidence with dx = 10 mm, dy = 8 mm and a = 4.5 mm, with the incident radiation
polarised along the x-axis.
y-axes respectively and square holes of side length 4.5 mm where the incident field is
polarised parallel to the x-axis, providing verification of the model’s validity.
Figure 5.8 illustrates the EM response for a rectangular array of square holes: in
figure 5.8(a), the pitch perpendicular to the polarisation of the incident radiation is
fixed, and the pitch parallel to the polarisation of the incident radiation is varied;
whilst in figure 5.8(b), it is the pitch parallel to the polarisation of the incident radiation
that is fixed and the perpendicular pitch that varies. As dx increases, the associated
onset of diffraction moves down in frequency, resulting in the transmission resonance
correspondingly moving to lower frequencies as expected (figure 5.8(a)). Variation of
dy also has a significant effect on the predicted EM response (figure 5.8(b)). A sharp
transmission peak is observed as the onset of diffraction associated with dy moves below
the onset of diffraction associated with dx.
5.3.2.1 Analysis of results
Whilst it is of the same form, the equation for the complex amplitude transmission
coefficient (equation 4.10) has changed to account for the changes in the pitch geometry
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(a)
(b)
(c)
Figure 5.8: Transmission response for a rectangular array of square holes in a PEC
sheet with side length 8 mm for (a) dy = 10 mm, (b) dx = 10 mm, at normal incidence
with the incident radiation polarised parallel to the x-axis, and (c) a scale schematic
of the change in unit cell for each graph. The onset of diffraction is indicated by the
dashed lines.
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of the unit cell. These changes also affect the overlap integrals resulting in the following
equations:
t0,0 =
(ωc )
2√
(wc )
2−(kx)2
(
Q0,0,0,12
)∗
Q0,0,0,12∑
m,n
(
(km,nz )
2
+(kx+ 2mpidx )
2
km,nz
)(
Qm,n,0,12
)∗
Qm,n,0,12
, (5.31)
Qm,n,0,12 =
∫ a
0
∫ a
0
sin
(piy
a
)
exp
[
−i
(
2mpi
dx
)
x
]
exp
[
−i
(
2npi
dy
)
y
]
dx dy (5.32)
and
(Qm,n,0,12 )
∗ =
∫ a
0
∫ a
0
sin
(piy
a
)
exp
[
i
(
2mpi
dx
)
x
]
exp
[
i
(
2npi
dy
)
y
]
dx dy. (5.33)
As suggested by figure 5.8, equations 5.32 and 5.33 show a dependence on both dx
and dy. As in section 5.3.1.1, they can be described as follows: for [0, n] diffracted
orders, equations 5.32 and 5.33 become:
Q0,n,0,12 =
a2d2y
(
1 + exp[(−2ianpi
dy
)]
)
(d2y − 4a2n2)pi
(5.34)
and
(Q0,n,0,12 )
∗ =
a2d2y
(
1 + exp[(2ianpi
dy
)]
)
(d2y − 4a2n2)pi
; (5.35)
whilst for all other diffracted orders, i.e. [m,n] where m 6= 0, they are given by
Qm,n,0,12 = −
iadxd
2
y exp[(−2ia(dym+dxn)pidxdy )]
(
exp[(2iampi
dx
)]− 1
)(
1 + exp[(2ianpi
dy
)]
)
2m(d2y − 4a2n2)pi2
(5.36)
and
(Qm,n,0,12 )
∗ = −
iadxd
2
y
(
exp[(2iampi
dx
)]− 1
)(
1 + exp[(2ianpi
dy
)]
)
2m(d2y − 4a2n2)pi2
. (5.37)
The consequence of this is that the incident radiation will no longer simply preferen-
tially scatter more strongly from one grating than the other for different polarisations.
Now, in addition, the orthogonal pitches of the array will significantly influence the
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predicted response.
5.3.3 Rectangular Array of Rectangular Holes
Figure 5.9: Comparison between the modal matching model and the solution derived
using a FEM model solution for a rectangular array of rectangular holes in a PEC sheet
at normal incidence with dx = 10 mm, dy = 8 mm, ax = 4.5 and ay = 6 mm, with the
incident radiation polarised parallel to the x-axis.
Figure 5.9 compares the transmission plots for the FEM solution and the modal
matching approach for a rectangular array with pitch of 10 mm and 8 mm parallel to
the x- and y-axes respectively and rectangular holes of side lengths 4.5 mm and 6 mm
parallel to the x- and y-axes respectively, where the incident field is polarised parallel
to the x-axis, verifying that the model is valid.
Figure 5.10 illustrates the effect on the EM response when different geometric pa-
rameters are varied, for a rectangular array of rectangular holes. For figures 5.10(a)
and 5.10(b) the pitch parallel to the incident polarisation is 7 mm and the pitch per-
pendicular to the polarisation of the incident radiation is 10 mm. In each case, one
side length is fixed whilst the other is varied. The onset of diffraction at 30 GHz is
associated with the grating vector perpendicular to the polarisation of the incident radi-
ation, whilst the onset of diffraction associated with the grating parallel to the incident
radiation polarisation is at higher frequencies (≈ 43 GHz) and therefore is not within
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(a) (b)
(c) (d)
(e)
Figure 5.10: Transmission response for a rectangular array of rectangular holes in a
PEC sheet for varying hole sizes with fixed pitch. The first two transmission graphs
have a pitch of dx = 7 mm and dy = 10 mm with (a) ay = 4.5 mm, and (b) ax = 4.5
mm respectively. The last two graphs have a pitch of dx = 10 mm and dy = 7 mm with
(c) ay = 4.5 mm, and (d) ax = 4.5 mm. In all cases the incident radiation is at normal
incidence and polarised parallel to the x-axis. A scale schematic of the change in unit
cell for each graph is provided in (e).
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the range of the graph. As ax increases in value, the resonance moves closer to the
onset of diffraction at 30 GHz, whereas when ay is increased the resonance broadens
and moves to lower frequencies. The resonance broadens due to the influence of the
evanescent diffraction below the onset of diffraction at 30 GHz and the movement to
lower frequencies is associated with the resonant frequency of the fundamental dipolar
mode of the hole decreasing as ay increases (section 2.3.1.3). The pitch parallel to the
incident radiation polarisation is 10 mm and the pitch perpendicular to the polarisa-
tion of the incident radiation is 7 mm for figures 5.10(c) and 5.10(d), and therefore the
diffraction edge situated at 30 GHz is now associated with the grating vector parallel
to the incident radiation polarisation. The same trend is apparent, with ax moving to
higher frequencies and ay moving to lower frequencies as their values are increased.
Figure 5.11 also presents the EM response for a rectangular array of rectangular
holes, however, it is the effect on the transmission due to a variation in pitch that is
illustrated. For figures 5.11(a) and 5.11(b) the hole side lengths are 6 mm parallel to
the polarisation of the incident radiation and 4.5 mm perpendicular to the incident
radiation polarisation. In each case, one pitch is fixed whilst the other is varied. In
figure 5.11(a), the diffraction edge associated with the grating perpendicular to the
polarisation of the incident radiation, dy, is at 30 GHz for all pitch variations. As dx
increases, the onset of diffraction moves to lower frequencies; consequently for the first
three traces, the only diffraction edge evident is the edge associated with dy, until the
fourth trace when they are both at the same frequency. As dx increases, the resonant
feature broadens and moves further from the onset of diffraction perpendicular to the
polarisation at 30 GHz. From the results in section 4.4.1.1, this is to be expected; as the
resonant frequency of the array moves further from the onset of diffraction, the lower
the Q factor of the mode becomes due to the decreased significance of the evanescently
diffracted orders. Figure 5.11(b) illustrates the opposing situation, where the onset of
diffraction associated with dx is fixed at 30 GHz and as the value of dy increases, the
associated onset of diffraction moves from higher frequencies down to 30 GHz. The
resonance condition moves closer to the onset of diffraction at 30 GHz and sharpens as
dy increases. The same behaviour is seen in figures 5.11(c) and 5.11(d), the side length
parallel to the polarisation of the incident radiation is 4.5 mm and the side length
perpendicular to the incident radiation polarisation is 6 mm.
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(a) (b)
(c) (d)
(e)
Figure 5.11: Transmission response for a rectangular array of rectangular holes in a
PEC sheet for varying pitches with fixed hole sizes. The first two transmission graphs
have holes of side length ax = 6 mm and ay = 4.5 mm with (a) dy = 10 mm, and (b)
dx = 10 mm. The last two graphs have holes of side length ax = 4.5 mm and ay = 6
mm with (c) dy = 10 mm, and (d) dx = 10 mm. In all cases the incident radiation is at
normal incidence and polarised parallel to the x-axis. A scale schematic of the change
in unit cell for each graph is provided in (e).
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5.3.3.1 Analysis of results
The equation for the complex amplitude transmission coefficient (equation 4.10) is the
same as for the rectangular array of square holes (equation 5.31). However, the overlap
integrals are further adapted to account for the changes in geometry for the geometry
of both the unit cell and the hole:
Qm,n,0,12 =
∫ ay
0
∫ ax
0
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(
piy
ay
)
exp
[
−i
(
2mpi
dx
)
x
]
exp
[
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(
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)
y
]
dx dy (5.38)
and
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]
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)
y
]
dx dy. (5.39)
The results in figures 5.10 and 5.11 indicate a complex interplay between all four
geometrical parameters (dx, dy, ax and ay). As in the previous sections (sections 5.3.1.1
and 5.3.2.1), for [0, n] diffracted orders, equations 5.38 and 5.39 can also be written as:
Q0,n,0,12 =
axayd
2
y
(
1 + exp[(−2iaynpi
dy
)]
)
(d2y − 4a2yn2)pi
(5.40)
and
(Q0,n,0,12 )
∗ =
axayd
2
y
(
1 + exp[(2iaynpi
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)]
)
(d2y − 4a2yn2)pi
; (5.41)
whilst for all other orders, i.e. [m,n] where m 6= 0, they are given by
Qm,n,0,12 = −
iaydxd
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y exp[(−2i(axdym+aydxn)pidxdy )]
(
exp[(2iaxmpi
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)]− 1
)(
1 + exp[(2iaynpi
dy
)]
)
2m(d2y − 4a2yn2)pi2
(5.42)
and
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exp[(2iaxmpi
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)]− 1
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1 + exp[(2iaynpi
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)]
)
2m(d2y − 4a2yn2)pi2
. (5.43)
The similarities in equations 5.40 to 5.43 explain the similarities in figures 5.10 and
5.11 with the results in sections 5.3.1 and 5.3.2. As before, an increase in ay moves
the resonant feature to lower frequencies, whilst an increase in ax moves the resonance
to higher frequencies due to changes in the inductance and capacitance of the array.
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Changes in the orthogonal pitches of the array are responsible for the shift in the onset
of diffraction as would be expected.
5.4 Conclusion
To conclude, the modal matching method introduced in chapter 4 has been extended to
explore the EM response to three new structures: a square array of rectangular holes,
a rectangular array of square holes and a rectangular array of rectangular holes in a
PEC sheet and orientated parallel to the axes of the coordinate system. For the square
array of rectangular holes it was shown that the breaking of the four-fold symmetry
of the hole resulted in a change in the relative proportions of the resonant and non-
resonant transmission channels. The hole side length perpendicular to the direction
of the incident radiation is the dominant parameter and is related to the resonant
transmission channel; whilst the hole side length parallel to the incident radiation has
a linear relationship with the overlap integral. This can be also be described as changes
in the effective inductive and capacitive elements of the equivalent circuit describing
the mesh.
Regarding the rectangular array of square holes, by breaking the four-fold symmetry
of the unit cell, the onset of diffraction with respect to the orthogonal grating vectors
occurs at different frequencies, unlike in a square array when they both occur at the
same frequency. For [0, n] diffracted orders, the overlap integrals are only dependent on
the pitch orthogonal to the direction of the incident radiation, i.e., dy in the example
given. However, for all other diffracted orders, whilst the orthogonal pitch is still the
dominant parameter, the pitch parallel to the incident radiation also has a contribution
and is therefore able to affect the EM response of the mesh. For the rectangular array of
rectangular holes, both elements of the previous two structures combine. Although all
these elements combine depending on the parameters involved in the specific array, in
broad, general terms, it can be seen that the geometric parameters of the hole influence
the Q factor of the resonance, with ay being the significant parameter dictating the res-
onant frequency, and ax the sharpness of the mode. Whilst the periodicity of the array
dictates the extent to which this resonance is perturbed by the evanescent diffractive
orders. The closer the resonance to the onset of diffraction, the more significant the
perturbation.
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Chapter 6
The Microwave Response of Closely
Spaced Metal Meshes
6.1 Introduction
Section 2.2.3 introduced the fact that a planar metal dielectric interface can support
a surface plasmon polariton [63]. However, the momentum of these surface waves is
greater than that of the incident photon (i.e., kspp > k0) and so incident radiation
cannot directly couple to an SPP on a planar interface. One method of coupling to the
surface mode is via diffractive grating coupling, for example, corrugation of the surface
or by introducing a periodic structure as in metal meshes [2, 65]. The periodic meshes
studied in this chapter also support plasmon-like surface-bound modes [86, 124] that
can be diffractively coupled to by the incident radiation enabling enhanced transmission
through the hole array.
The modal matching method described in section 3.2.2 and employed previously for
a single layer (chapter 4) has been extended and applied to a double-layered system
where each layer consists of a square array of square holes in a PEC sheet. Investigation
of the single mesh layer showed that there is a strong transmission resonance due to
a resonantly excited surface wave located at a frequency slightly below the onset of
diffraction [137]. Here a double mesh layer is studied with particular emphasis on
unravelling the influence of evanescent coupling on the effect on the transmission of
translational displacement of one mesh relative to the other.
Although most studies into the EM response of metal meshes have concentrated on
single mesh layers, there have been some investigations into double mesh structures. In
2000, Yu et al created a reflective polariser using a double layer of metal monogratings
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at optical frequencies [156]. Another optical investigation studied double layer meshes
where the small separation between the layers allows coupling of the SPPs supported
by each mesh leading to extraordinary optical transmission, even when the layers are
laterally misaligned with respect to each other [157]. The effect of lateral displacement
on double mesh layers in the visible regime was studied by Cheng et al in 2007 [158].
He et al conducted a near identical study to that presented in this chapter albeit at
optical frequencies reaching similar conclusions [159], as did Miyamaru and Hangyo in
the terahertz regime [160]. A common motivation behind the study of double mesh layer
structures in the optical regime appears to be the creation of negative index materials
[156, 157, 161].
Section 6.2 introduces Fabry-Pe´rot etalons and the modes associated with them.
The following section (6.3) details the extensions and adaptations to the basic modal
matching model necessary to mathematically represent the transmission through a dou-
ble mesh structure. Section 6.4 presents the effect of paramater variations and discusses
the results. Mathematical analysis is utilised to develop a further understanding of why
this structure responds to EM radiation as it does. Both aligned and misaligned struc-
tures are investigated, where the alignment of one mesh relative to the other is varied.
The meshes are translated in a single direction parallel and perpendicular to the axis of
polarisation. The final section (section 6.5) provides a summary of the key conclusions
of this exploration into the EM response of two PEC meshes separated by a dielectric.
6.2 Background
6.2.1 Fabry-Pe´rot Modes
Fabry-Pe´rot modes are resonant transmission cavity modes. They were proposed in
1899 by Fabry and Pe´rot [162] and used in the design of their interferometer. A Fabry-
Pe´rot etalon comprises of a pair of highly reflecting parallel plates (but not 100%
reflecting) a distance, l, apart (figure 6.1). Transmitted radiation through the etalon is
made up of radiation directly transmitted and radiation that has undergone multiple
reflections between the plates before being transmitted.
For a transmission peak to occur, the transmitted light has to interfere construc-
tively, i.e., all contributions need to be transmitted in phase. Fabry and Pe´rot discovered
that this occurs when the distance between the plates is, to first order, a half-wavelength
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Figure 6.1: Schematic of a Fabry-Pe´rot etalon comprising a pair of highly reflecting
parallel surfaces a distance d apart filled with a dielectric with refractive index n. Light
enters the etalon and undergoes multiple internal reflections.
multiple (for normal incidence), i.e.,
l =
mλ
2
m = 1, 2, 3 . . . (6.1)
Conversely, a reflection peak occurs when the contributions are exactly out of phase.
The modelled ~E field profiles for the first four Fabry-Pe´rot transmission resonances of
an arbitrary etalon are illustrated in figure 6.2.
6.3 Method
Chapter 4 considered a single mesh layer comprising a square array of square holes in
a sheet of PEC. This structure is now extended by considering two mesh layers; each
mesh layer comprises a two dimensional (2D) square array of square holes in a sheet
of PEC of thickness h. The two meshes, which share common orthogonal axes along
the sides of the square holes, are separated by a dielectric layer of thickness g, with bi
denoting the lateral displacement of the meshes with respect to each other (figure 6.3)
along the polarisation axis of the normally incident radiation.
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(a) (b) (c) (d)
Figure 6.2: ~E Field profiles corresponding to the eigensolutions of the first four Fabry-
Pe´rot modes supported by a pair of perfectly conducting square metal meshes, with holes
much smaller than the wavelength, separated by an air gap. Red corresponds to a time-
averaged arbitrary field magnitude of 1 and blue to a magnitude of zero.
The theoretical formalism is the same as utilised previously for the single mesh
layer (section 4.3), with the electric fields in the regions above and below the mesh
layer described by a two dimensional Fourier-Floquet expansion of the diffracted orders,
[equations 3.3 - 3.6]. As before, within the mesh layer, the electric fields are only present
in the square holes, and they may be expanded as a sum of waveguide modes, [equations
3.9, 3.10].
The method is extended for the double mesh system by describing the electric fields
in the additional regions (figure 6.4) in the same way, with the fields in the holes of the
second mesh layer (region IV) also expanded as a sum of waveguide modes, while in the
region between the meshes (region III) the fields are represented as a Fourier-Floquet
expansion of the diffracted orders. To account for the multiple reflections between the
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Figure 6.3: Schematic of the investigated geometry comprising two layers of a square
array with pitch d of holes of length side a (unshaded) in a PEC sheet (shaded) of thick-
ness h. The sheets are separated by a dielectric layer of thickness g and the translational
displacement of the meshes relative to each other is denoted by bi.
Figure 6.4: Schematic showing the defined regions for the double mesh layer structure.
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meshes, two expansions are needed in this dielectric cavity (i.e., both an exp [−ikzz]
and an exp [ikzz] sum). For the dielectric regions (I, III and V), the expressions for
region I are unchanged (equations 3.3 and 3.4), for region III equations 3.5 and 3.6 are
replaced by equations 6.2 and 6.3 respectively and the fields in region V are described
by equations 6.4 and 6.5:
EIIIx =
∑
p,q
Dp,qx Ψ
p,q
1 (x, y) exp (ik
p,q
z z) +
∑
p,q
F p,qx Ψ
p,q
1 (x, y) exp (−ikp,qz z), (6.2)
EIIIy =
∑
p,q
Dp,qy Ψ
p,q
1 (x, y) exp (ik
p,q
z z) +
∑
p,q
F p,qy Ψ
p,q
1 (x, y) exp (−ikp,qz z), (6.3)
EVx =
∑
α,β
Dα,βx Ψ
α,β
1 (x, y) exp (ik
α,β
z z), (6.4)
and
EVy =
∑
α,β
Dα,βy Ψ
α,β
1 (x, y) exp (ik
α,β
z z). (6.5)
where Ψ1 and kz have the same definitions as before (equations 3.7 and 3.8). Similarly,
the equations for region II are unchanged (equations 3.9 and 3.10) and the fields in
region IV are described by
EIVx =
∑
ι,κ
Lι,κx Ψ2 (x, y) exp (iq
ι,κ
z z) +M
ι,κ
x Ψ2 (x, y) exp (−iqι,κz z) (6.6)
and
EIVy =
∑
ι,κ
Lι,κy Ψ3 (x, y) exp (iq
ι,κ
z z) +M
ι,κ
y Ψ3 (x, y) exp (−iqι,κz z), (6.7)
where Ψ2, Ψ3 and qz have the same respective definitions as in equations 3.11, 3.12 and
3.13.
After the corresponding tangential magnetic field components have been obtained,
the boundary conditions and continuity requirements are then applied at each bound-
ary, resulting in pairs of coupled simultaneous equations. Due to the additional two
boundaries, this results in twice as many pairs of simultaneous equations as for the
single mesh structure. The limits for the overlap integrals need to be adjusted to reflect
any translational displacement between the mesh layers. If the origin and unit cells
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(a) (b)
Figure 6.5: Schematic defining the unit cell and the origin for the double mesh layers as
used in the analytical formulation for (a) the upper mesh layer and (b) the lower mesh
layer.
are arbitrarily defined as illustrated in fig 6.5, the overlap integral (equation 3.34) is
replaced by the following equations for the upper and lower mesh respectively;
Qm,n,0,12top =
∫ a
0
∫ a
0
sin
(piy
a
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy (6.8)
and
Qm,n,0,12bot =
∫ a+by
by
∫ a+bx
bx
sin
(piy
a
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy. (6.9)
The simultaneous equations are then solved, as before, to provide equations for the
unknown amplitude coefficients. The method is essentially the same as for the single
layer, albeit more computationally laborious.
6.4 Results and Discussion
6.4.1 Lateral displacement parallel to the incident polarisation
Analysis of the mathematical expression for the transmission and reflection coefficients
shows that the relationship between the resonance of each mesh, the resonance of the
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cavity between the meshes and the relative alignment of the meshes is a complex one.
However, despite the complexity of the equation, it is still possible to extract further
insight into these relationships. For simplicity here we have only considered incident
radiation polarised parallel to the displacement direction, although the method can
equally be used to consider radiation perpendicular to it. From the analysis of a single
mesh layer in section 4.5.1 it is known that the transmission maximum for each mesh
individually occurs for the [0, n] diffracted orders when ω
c
=
√
2k2x +
4n2pi2
d2
(equation
4.15). At normal incidence this reduces to ω
c
= 2npi
d
. As in the single mesh case, only
the first order waveguide modes need to be included in the calculation as it is purely
a ‘matching condition’ across the interfaces, and therefore the first order mode is suf-
ficient to provide an accurate representation of the behaviour. This assumption ceases
to be valid for finite thickness films. In addition, since the resonances occur in the
non-diffracting regime, only the specular propagating beam (zero-order) in transmis-
sion below the second mesh need be considered. Applying these conditions gives the
following general equation for the transmission amplitude coefficient
t0,0 =
4a2Gx exp [i(g + 2h)qz]
d2pi
, (6.10)
where Gx is the complex amplitude coefficient incorporating the ‘overlap integrals’
describing the boundary and orthogonality conditions and the alignment of the meshes.
By further examination of this amplitude coefficient, we are able to isolate the terms
involving the misalignment of the meshes, b, and the separation between them, g,
Gx =
 k0z 4a
2
pi
+ Cx
(
qz
a2
2
− F1 + exp [−2ihqz]
)
exp [i(h+ g)qz]
(
qz
a2
2
−H1 +H3 −
exp [2ihqz ]
(
qz
a2
2
−I1
)(
qz
a2
2
+H1−H3
)
I1+qz
a2
2
)
 2H4 exp [ihqz]qz a22 + F1 ;
(6.11)
where
F1 =
∑
m,n
K
(
Qm,n,1,0top ,
(
Qm,n,1,0top
)∗)
, (6.12)
H1 =
∑
p,r
K
(
Qp,r,1,0bot ,
(
Qp,r,1,0bot
)∗
exp [2igkp,rz ]
exp [2igkp,rz ]− 1
)
, (6.13)
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H3 = −
∑
p,r
K
(
Qp,r,1,0bot ,
(
Qp,r,1,0bot
)∗
exp [2igkp,rz ]− 1
)
, (6.14)
H4 =
∑
p,r
K
(
Qp,r,1,0top ,
(
Qp,r,1,0bot
)∗
exp [−igkp,rz ]
exp [−2igkp,rz ]− 1
)
, (6.15)
and
I1 =
∑
u,v
K
(
Qu,v,1,0bot ,
(
Qu,v,1,0bot
)∗)
, (6.16)
and the overlap integral components, Qi, are given by
Qm,n,1,0top =
∫ a
0
∫ a
0
sin
(piy
a
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy, (6.17)
and
Qm,n,1,0bot =
∫ a+by
by
∫ a+bx
bx
sin
(piy
a
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy; (6.18)
where
K = km,nz +
4m2pi2
d2km,nz
. (6.19)
Examination of equation 6.11 shows that it is the H4 term that contains the over-
lap integral components that describe the interaction between the two meshes via the
evanescent fields, i.e., this term (equation 6.15) is affected by the relative misalign-
ment of the meshes. The separation of the meshes, g, is clearly a dominant parameter
within Gx. In particular, as g increases terms H1 and H3 will increase rapidly. In other
words, as the denominator (separation term) increases, the numerator (alignment term)
becomes less dominant.
Figure 6.6 compares normal incidence transmission plots for both aligned and mis-
aligned arrangements of two identical meshes for three different mesh separations. The
meshes have a pitch of 10 mm and the sides of the holes are 4.5 mm. For the mis-
aligned geometry, a translational displacement of 5 mm parallel to the polarisation
vector orientation is illustrated (i.e. bx = 5 mm, by = 0).
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(a) (b)
(c) (d)
Figure 6.6: Transmission plots for the double mesh arrangement with pitch d = 10
mm, holes of side length a = 4.5 mm in a PEC sheet where the separation between
the meshes is (a) g = 0.1 mm, (b) g = 4 mm and (c) g = 14 mm. A schematic
showing the polarisation vector and displacement is illustrated in (d). Each graph shows
the transmission profile for both the aligned system and when the meshes are laterally
displaced by 5 mm (half a pitch) with respect to each other along the polarisation axis
and the onset of diffraction occurs at 30 GHz.
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It is clear that when the separation of the meshes, g, is smaller than the wavelength,
λ, there is a significant difference between the transmission of the aligned and misaligned
systems. In the aligned case when g = 0.1 mm (figure 6.6(a)), the Fano-shaped reso-
nance around 26.5 GHz is in the wings of a coupled surface wave mode at ∼ 28 GHz.
The former is a symmetric cosh-like mode, whilst the latter is an antisymmetric sinh-like
mode (figure 6.7). By contrast, for the 5 mm misaligned case, the cosh-like (symmetric)
mode is present at 20 GHz, and the sinh-like mode has pushed up in frequency to just
below the onset of diffraction at 30 GHz. Both of the modes supported by the double
mesh structures arise from an interaction between a (symmetric / antisymmetric) pair
of coupled surface waves and either the cavity’s standing-wave resonance or the single
mesh resonance to form a hybrid mode. In the long wavelength limit, each hybrid
mode has strong Fabry-Pe´rot characteristics and approaches the frequency where, in
an ideal system, the optical path length between each partial mirror (mesh) is equal to
an integer number of half-wavelengths. Conversely, in the short wavelength limit, each
hybrid mode is dominated by the single mesh resonance and displays strong surface
wave characteristics, as will be shown later.
(a) (b)
Figure 6.7: Schematic showing (a) cosh-like symmetric ~E field and (b) sinh-like anti-
symmetric ~E field. The mesh layers are indicated by the thick black vertical lines.
As the separation between the meshes increases to approach the wavelength, the
responses for both the aligned and misaligned systems become increasingly similar as
shown by figures 6.6(b) and 6.6(c). Figure 6.6(c) shows reasonable qualitative agree-
ment for the region where g > λ and we might anticipate that the similarity between the
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aligned and misaligned responses would worsen for lower frequencies as the wavelength
increases to become comparable to and then greater than the separation. However, this
regime, where the wavelength is greater than the separation, is far from the onset of
diffraction and evanescent diffraction has little significance. Thus, with no real propa-
gating diffracted orders, the microscopic details describing the subwavelength structure
are not conveyed from one layer to the other, including any misalignment of the meshes
with respect to each other, and therefore this misalignment has little effect on the
response of the system. In other words, each mesh can be effectively described as a
homogeneous medium. This will be further explored in chapter 7 and in particular
at what distance the separation between the meshes becomes too small to allow this
homogeneous medium description to be applicable.
Figure 6.8 shows a more extensive, greyscale plot of the normal incidence trans-
mission as a function of frequency and mesh separation, again for both aligned and
misaligned systems. A family of modes between the two meshes can be clearly ob-
served. At low frequencies each mode is Fabry-Pe´rot-like, however, as the frequency
approaches that of the surface mode supported by a single mesh layer of identical ge-
ometry, hybridization occurs, as is strongly evidenced by the perturbation of the modes
from the simple half-integer wavelength condition of the ideal Fabry-Pe´rot resonance
for perfect electrical mirrors.
In figure 6.9, the transmission is plotted as a function of frequency and misalignment
for separations of 14 mm and 0.1 mm (figure 6.9(a) and 6.9(b) respectively). Figure
6.9(b) shows the behaviour of the two modes as the misalignment between two meshes
with squares of side length 4.5 mm is increased. When the two meshes are exactly
aligned (bx = 0 mm, by = 0 mm), a broad mode is seen at approximately 26.5 GHz,
with a much sharper mode slightly lower in frequency at 25.5 GHz. As the lateral
misalignment increases, the modes cross, with the sharper mode approaching the onset
of diffraction at 30 GHz, and the broad mode decreasing in frequency to approximately
20 GHz at maximum lateral misalignment (bx = 5 mm, by = 0 mm). Exploration of
the magnitude of the electric fields ( ~Ez), calculated using the modal matching method,
both between and outside the meshes as the misalignment varies, reveals that while the
fields outside of the meshes remain reasonably constant, the fields between the meshes
show greater enhancement as the misalignment is increased (not shown). The electric
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(a)
(b)
Figure 6.8: Greyscale plot of the normal incidence transmission as a function of fre-
quency and mesh separation with pitch of 10 mm and holes of side length 4.5 mm for
(a) bx = 0 mm, by = 0 mm and (b) bx = 5 mm, by = 0 mm. The ideal Fabry-Pe´rot
conditions refer to the half-wavelength condition (i.e., λ = 2g/n for n = 1, 2, 3. . . ).
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(a)
(b)
Figure 6.9: Colour-scale plot of the normal incidence transmission as a function of
frequency and lateral misalignment parallel to the incident polarisation with pitch d = 10
mm and holes of side length a = 4.5 mm for (a) mesh separation g = 14 mm and (b)
mesh separation g = 0.1 mm. The transmission resonances are highlighted by arrows.
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field between the two mesh layers is given by
~EIIIz =
∑
p,r
(F p,rx (Gx) Ψ
p,r
1 (x, y) exp (−ikp,rz z)−Dp,rx (Gx) Ψp,r1 (x, y) exp (ikp,rz z)), (6.20)
where F p,rx and D
p,r
x describe complex amplitude coefficients and are functions of Gx
(equation 6.11).
The field enhancement is expected to be greatest at the edges of the holes due to
the evanescent diffraction. At zero misalignment, the holes in both meshes are directly
in line with each other and the field enhancement between the meshes is localised in a
small area at the edge of the holes (figures 6.10(a) and 6.10(c)). As the misalignment
between the meshes gradually increases, the alignment terms in Gx (H4) start to become
dominant, increasing the field enhancement between the meshes, which in turn increases
the coupling to the resonance on the opposite mesh (figures 6.10(b) and 6.10(d)).
By considering the charge distribution for the simpler, well understood, case of a
similarly spaced pair of identical metal slot arrays (i.e. one dimensional ‘grids’), further
physical understanding of these modes can be gained. In this simpler case, there are
two possible charge configurations; symmetric and antisymmetric (figure 6.11). In the
case where the grids are in exact alignment with respect to each other (figure 6.11(a)),
the symmetric charge configuration produces an antisymmetric (sinh-like) electric field
configuration between the layers and can be considered as surface-mode-like due to the
high electric fields being bound along the interfaces. In contrast, the antisymmetric
charge configuration results in a symmetric (cosh-like) electric field configuration be-
tween the layers and the high electric fields occur within the cavity between the two
meshes and are not bound to the surfaces and therefore can be considered as Fabry-
Pe´rot-mode-like. When the slot arrays are laterally misaligned with respect to each
other these charge configurations begin to be perturbed. The surface-mode-like config-
uration develops Fabry-Pe´rot-like characteristics, and vice versa (figure 6.11(b)). The
greater the misalignment, the more the charge configuration is perturbed. At maximum
misalignment there are still two possible configurations but they both have the same
energy and have both cosh-like and sinh-like characteristics (figure 6.11(c)). However,
for the double mesh system investigated here, when the holes are laterally misaligned,
the four-fold symmetry of the aligned unit cell is reduced to a single plane of symmetry.
In addition, there are regions of the unit cell that are unaffected by the lateral misalign-
ment and therefore, for this structure, the two configurations are not equal in energy.
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(a) (b)
(c) (d)
Figure 6.10: Complex magnitude ~E field plots in the xz-plane for a double mesh layer
system with pitch d = 10 mm, square holes of side length a = 4.5 mm and mesh
separation g = 0.1 mm at: (a) f ≈ 27.7 GHz with misalignment bx = 0 mm, by = 0
mm; (b) f ≈ 20.4 GHz with misalignment bx = 5 mm, by = 0 mm; (c) f ≈ 25.5 GHz
with misalignment bx = 0 mm, by = 0 mm; (d) f ≈ 29.9 GHz with misalignment bx = 5
mm, by = 0 mm. The metal meshes are represented by thick black lines and the colour
scale ranges from blue for a high negative field and red for a high positive field.
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(a)
(b)
(c)
Figure 6.11: Schematic of possible charge distributions for a double layer of identical
metal slit arrays (i.e., one dimensional grids) when: (a) the layers are exactly aligned
with respect to each other; (b) slightly laterally misaligned with respect to each other,
and; (c) at maximum lateral misalignment with respect to each other.
Figure 6.12 shows the directional electric fields in region III (between the two meshes)
for the structure with 1 mm separation between the meshes. When the meshes are
aligned, the symmetric charge configuration (cosh-like mode) is evident for the sharp
mode (figure 6.12(a)), whilst the antisymmetric configuration of the surface like mode
is shown for the broad mode (figure 6.12(b)). When the meshes are laterally misaligned
with respect to each other by 5 mm, the hybrid symmetric (with respect to the charge
configuration) mode (figure 6.12(c)) and the antisymmetric hybrid mode (figure 6.12(d))
corresponding to the charge configurations in figure 6.11(c) are illustrated.
6.4.2 Lateral displacement perpendicular to the incident po-
larisation
Comparison of the transmission response for the maximum lateral displacement of the
two meshes relative to each other, both parallel and perpendicular to the incident po-
larisation, illustrates that the direction of the displacement relative to the polarisation
has a significant effect on the EM reponse of the structure (figure 6.13). As the sepa-
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(a) (b)
(c) (d)
Figure 6.12: Directional ~E field plots in the xz-plane in the region between the two
meshes for a double mesh layer system of pitch d = 10 mm, square holes of side length
a = 4.5 mm and mesh separation g = 1 mm at: (a) f ≈ 26.7 GHz with misalignment
bx = 0 mm, by = 0 mm; (b) f ≈ 28.0 GHz with misalignment bx = 0 mm, by = 0 mm;
(c) f ≈ 23.3 GHz with misalignment bx = 5 mm, by = 0 mm; (d) f ≈ 29.9 GHz with
misalignment bx = 5 mm, by = 0 mm. The metal meshes are represented by thick black
lines and the colour scale ranges from blue for a high negative field and red for a high
positive field.
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Figure 6.13: Transmission reponse for two meshes laterally misaligned relative to each
other both parallel (black line) and perpendicular to (red line) the incident polaraisation
at normal incidence. Both meshes have a pitch of d = 10 mm and square hole of side
length a = 4.5 mm. The red line represents relative misalignment of bx = 0 mm, by = 5
mm and the black line represents relative misalignment of bx = 5 mm, by = 0 mm. The
incident radiation is polarised parallel to the x-axis.
ration between the meshes increases, the near-field effects become less significant and
the response of the perpendicular laterally misaligned structure approaches that of the
parallel laterally misaligned structure and the aligned structure as explained in section
6.4.1 and figure 6.6 (i.e., the layers can be approximated as an effective homogeneous
media).
The difference in the EM responses between the two incident polarisation directions
is even more apparent in figure 6.14, which compares how the transmission resonance
varies as a function of mesh separation for misalignment both parallel and perpendicular
to the incident polarisation vector. As expected, when the separation between the
meshes is small, there is significant differences between the transmission responses for
each polarisation direction. However, perhaps what is more surprising is that there are
still evident differences when the mesh separation is greater than the wavelength, i.e.
g > λ.
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(a)
(b)
Figure 6.14: Greyscale plot of the normal incidence transmission as a function of
frequency and mesh separation with pitch of d = 10 mm and holes of side length
a = 4.5 mm for (a) bx = 5 mm, by = 0 mm and (b) bx = 0 mm, by = 5 mm.
The ideal Fabry-Pe´rot conditions refer to the half-wavelength condition (i.e., λ = 2g/n
for n = 1, 2, 3. . . ).
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(a)
(b)
Figure 6.15: Schematic of possible charge distributions for a double layer metal grids at
maximum misalignment with respect to each other where the misalignment is perpen-
dicular to the incident radiation for; (a) xz-plane and (b) yz-plane.
Considering the possible charge distributions in the same manner as for the parallel
misalignment case (section 6.4.1) it is clear that a different field distribution is to be
expected as illustrated in figure 6.15. Along the x-axis of the structure, the second layer
is continuous metal below the hole due to the unit cell being misaligned perpendicular
to the incident radiation. As with the parallel misalignment, there are two possible
configurations and as before, they are not equal in energy. However, the energy levels
for the antisymmetric charge configurations (symmetric field profile) are different for
each polarisation. The field plots between the two metal layers are illustrated in figure
6.16. The fields in the holes are in the form of waveguide modes and in this case, as
the incident radiation is polaraised parallel to the xaxis, are therefore quantised in the
y-direction. The effect of misaligning the two holes perpendicular to the incident field
is clearly seen in the perturbation of the fields in figure 6.16(c).
6.5 Summary
The electromagnetic transmittance of a double layer of identical square arrays of square
holes (mesh) in a perfectly conducting sheet has been analytically modelled using a
modal matching technique. The structure supports families of standing wave modes
together with surface modes that, close to the onset of diffraction, interact with each
other. For frequencies below the onset of diffraction it is the strength of this interaction
mediated by evanescent diffraction in the near fields that dictates the electromagnetic
response, which is studied as a function of mesh separation and the lateral misalignment
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(a) (b)
(c) (d)
Figure 6.16: ~E field plots in the region between the two meshes for a double mesh layer
system of pitch d = 10 mm, square holes of side length a = 4.5 mm and mesh separation
g = 1 mm with misalignment bx = 0 mm, by = 5 mm at: (a) f ≈ 25.5 GHz in the xz-
plane; (b) f ≈ 29.7 GHz in the xz-plane; (c) f ≈ 25.5 GHz in the yz-plane; (d) f ≈ 29.7
GHz in the yz-plane. The metal meshes are represented by thick black lines and the
colour scale ranges from blue for a high negative field and red for a high positive field.
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between the meshes.
In conclusion, using an adapted modal matching method, a complete analytical
solution for transmission through a double layer of PEC mesh with dielectric spacing has
been developed by extending a previous method. Examination of the numerical results
and analytic equations shows that the EM response of the system is highly dependent
on the strength of the evanescent diffraction. Families of modes are supported and
at low frequencies these are Fabry-Pe´rot-like. However, as the frequency approaches
that of the surface mode supported by a single mesh layer as described in chapter 4,
the modes are perturbed becoming more surface mode-like in character. The solution
shows that it is the separation between the mesh layers that is the critical parameter;
whilst the misalignment of the meshes with relation to one another is only significant
in the regime where the separation is less than the wavelength. Exploration of the
analytical expressions obtained for the transmission through the structure and the field
profiles gives an insight into the behaviour of the observed resonances by determining
the conditions in which the alignment terms become dominant. In particular in the
case of closely spaced layers, as the lateral misalignment of the meshes with respect to
each other increases, the perturbation of the charge distributions on each mesh causes
greater enhancement of the electric field between the two meshes.
The exploration of this structure has been confined to the case where the lateral
displacement is in one direction only, either parallel or perpendicular to the direction of
polarisation. As originally discussed in chapter 5 and illustrated again in this chapter,
in systems with two-fold symmetry (as here) as opposed to four-fold symmetry, the
choice of incident polarisation can have a marked effect on the EM response of the
system. This raises the question as to what the expected response would be to lateral
two-dimensional translation of one mesh with respect to the other. This possibility is
briefly explored in chapter 8.
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Chapter 7
The Microwave Response of Finite
Multilayer Stacks of Alternating
Metal Meshes
7.1 Introduction
Multilayer structures have been the focus of an extensive body of research over many
years [163? –170]. Conventional multilayer structures consist of dielectric-dielectric
stacks [166] (generally referred to as Bragg stacks) where each dielectric layer is the
same thickness and the refractive indices of the layers, n1, n2 are altered with one
dielectric having a high refractive index and the other a low index. When illuminated
by radiation with a wavelength of the order of the layer thickness, resonant features are
observed at wavelengths that are multiples of the layer thickness, comprising of band-
pass and band-gap regions. However, in 1939 Geffcken [171] investigated thin film
stacks comprising metal-dielectric layers. The observed resonant transmission features
were found to be far narrower than those observed in conventional Bragg stacks. By
altering the thickness of the layers, the frequency of the band-pass and band-gap regions
can be altered, or ‘tuned’. This ‘tuneability’ has led to applications in electromagnetic
shielding, perfect lenses and non-linear photonics [163–165, 172]. Although the majority
of the studies have been in the visible regime, there have been some recent studies at
microwave frequencies [173–175].
This chapter looks at the highly interesting response of multilayer stacks consisting
of layers of metal mesh and dielectric where the mesh layers contain two different
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alternating meshes. The motivation for exploring multilayer systems with this particular
geometry was provided by two presentations by Timothy Atherton [176, 177] based
on previous work by Moore and Balents on topological insulators in two dimensional
magnetic systems [178]. Their initial theoretical work into the existence of topological
insulators in one dimensional systems had suggested that analogies to these states may
be physically observable in 1D photonic crystal systems [176].
The word topology is derived from the Greek τopioζ (meaning place) and λoγoα
(meaning study) [179]. This area of study is believed to have started in 1736 with
Euler’s paper on the Seven Bridges of Ko¨nigsberg [180], although the term topology
was not coined until far later by Listing in 1847 [181, 182]. Topology in its current form
is heavily based on Cantor’s set theory with the seminal work coming from Poincare´
in 1895 [183]. Topology has applications in a wide range of subjects, from biological
systems [184, 185] to social networking models [186] to physical systems [187, 188] and
astrophysics [189].
The next section 7.2 provides a brief discussion of the physics governing the re-
sponse of multilayer systems, beginning with the Fresnel coefficients for reflection and
transmission (7.2.1). Conventional Bragg stack responses are then summarised (7.2.2),
followed by a brief introduction to topology (7.2.3). Section 7.3 details the methods
used to model the response of metal mesh and dielectric stacks, looking at both modal
matching models and effective medium approaches. The results of this modelling and
the implications of these results is discussed in section 7.4. The section is separated into
two main parts: the first part (7.4.1) considers a double mesh structure with differing
meshes and compares the modal matching model with an effective medium approach;
whilst the second section is concerned with the response of multilayer structures of the
same alternate mesh configuration for larger numbers of layers (7.4.2). This section
presents the emergence of a topological mode for certain configurations. Finally the
chapter finishes with a summary of the salient results in section 7.5.
7.2 Background
7.2.1 Fresnel Equations
When light is incident upon an interface between dissimilar media a proportion is
reflected with the remainder being transmitted. In multilayer structures this happens
at each interface (figure 7.1).
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Figure 7.1: Schematic of light propagating through a planar multilayer structure with
(N -1) layers.
7.2.1.1 Single Interface Fresnel Equations
The following derivation is adapted from that by Born and Wolf [136]. Consider a single
interface as shown in figure 7.2 between two media, labelled 1 and 2, with characteristic
relative permittivities 1, 2 and the assumption that the media are non-magnetic and
therefore the relative permeabilities µ1, µ2 are both equal to 1. The magnitude of the
wavevectors in the media are assigned the variables k1 and k2 respectively.
The free space wavevector k0 is defined as
k0 =
2pi
λ0
, (7.1)
where λ0 is the wavelength of light in free space. The wavevector ki in a medium i is
given as
ki =
√
ik0, (7.2)
where i is the relative permittivity of the medium i.
Defining the axes as in figure 7.2 and the angle between ki and the z-axis as being
θ, the magnitude of the wavevector is related to the magnitudes of its components by
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Figure 7.2: Schematic showing the reflection (R) and transmission (T) of incident light
(I) at a single interface between two different media. The Cartesian coordinates of the
wavevector in medium i are shown in the inset.
the following relations:
ki =
√
k2x + k
2
iz; cos θ =
kz
ki
; sin θ =
kx
ki
. (7.3)
p-Polarisation
The reflection and transmission coefficients of an interface are determined by applying
the boundary conditions that the tangential EM field components must be continuous
across the interface. Firstly propagation directions need to be chosen for the incident,
reflected and transmitted fields and the components present depend on the incident po-
larisation. For p-polarisation, ~E is in the plane of incidence and the propagation vector,
~kI , has been defined as propagating in the positive x-direction. At the interface the
propagation vector, ~kR, for the reflected ~E field has also been chosen to be propagating
in the positive x-direction. The chosen field directions are illustrated in figure 7.3.
The tangential boundary conditions give us the following relationship between the
incident, reflected and transmitted components of Ex:
~EI cos θI − ~ER cos θR = ~ET cos θT. (7.4)
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Figure 7.3: The incident, reflected and transmitted fields associated with a p-polarised
wave incident on a planar interface between two different media.
Using the relation stated in equation 7.3, this can be written in terms of k-vectors:
(
~EI − ~ER
) k1z
k1
= ~ET
k2z
k2
. (7.5)
The continuity requirement for tangential ~E, also gives us the relation
~HI + ~HR = ~HT. (7.6)
This can be written as (
~EI + ~ER
)
k1 = ~ETk2, (7.7)
using Maxwell’s equation
~E
~H
=
ω
ki
, (7.8)
where ω is the angular frequency. Equations 7.5 and 7.7 can be rearranged to give an
expression for ~ET, which can then be eliminated by combining the resultant expressions
to give
(
~EI − ~ER
) k1zk2
k2zk1
=
(
~EI + ~ER
) k1
k2
. (7.9)
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Using the definition of ki given in equation 7.3 and rearranging results in
~ER
(
k1z
√
2
k2z
√
1
+
√
1√
2
)
= ~EI
(√
1√
2
− k1z
√
2
k2z
√
1
)
. (7.10)
The amplitude reflection coefficient is the ratio of the reflected and initial field compo-
nents,
~ER
~EI
= rp =
(k1z2 − k2z1)
(k1z2 + k2z1)
. (7.11)
Equations 7.5 and 7.7 can also be rearranged to eliminate ~ER instead. This gives the
relation
~EI − ~ET
(
k2zk1
k1zk2
)
= ~ET
(
k2
k1
)
− ~EI. (7.12)
Using the same method as before, the amplitude transmission coefficient is the ratio of
the transmitted and initial field components and is given by:
~ET
~EI
= tp =
(2k1z
√
12)
(k2z1 + k1z2)
. (7.13)
s-Polarisation
There is again a choice to be made for the direction of propagation of the waves.
As before, the propagation vector ~kI is defined as propagating in the positive x and
z-direction as illustrated in figure 7.4.
Tangential E and H must be conserved, giving the following two equations:
k1z
k2z
( ~EI − ~ER) = ~ET (7.14)
and
( ~EI + ~ER) = ~ET. (7.15)
Using equation 7.15 for ~ET and substituting this into the conservation requirement gives
( ~EI + ~ER) = ( ~EI − ~ER)k1z
k2z
. (7.16)
Rearranging this gives us the amplitude reflection coefficient,
~ER
~EI
= rs =
k1z − k2z
k1z + k2z
. (7.17)
133
7. The Microwave Response of Finite Multilayer Stacks of Alternating
Metal Meshes
Figure 7.4: The incident, reflected and transmitted fields associated with a s-polarised
wave incident on a planar interface between two different media.
Rearranging equation 7.15 and using the conservation requirement to eliminate ~ET, and
rearranging the resulting expression gives us an equation for the amplitude transmit-
tance coefficient of
~ET
~EI
= ts =
2k1z
k1z + k2z
. (7.18)
7.2.1.2 Recursive Fresnel Equations
Now consider a system with three different media. The incident wave will be partially
reflected and partially transmitted at the first interface. The transmitted part will
continue to propagate through the media until it reaches the second interface. Again,
part of the wave will be transmitted through the interface to medium 3 and part of the
wave will be reflected. When this reflected wave reaches the interface between media 2
and 1, it will again be partially reflected and partially transmitted, and so on. Using
the Fresnel coefficients above, the fraction reflected and transmitted at each interface
can be calculated. All the contributions can then be added together to calculate the
net wave reflected back into medium 1 and the net wave transmitted into medium 3.
The important point to remember is that the phase differences between the different
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contributions must be accounted for.
Figure 7.5: Schematic of EM waves propagating in a three media system.
Figure 7.5 illustrates a wave propagating in a three media system. The net reflected
wave at the first interface is the sum of all the different contributions. Defining the net
reflected wave as R and rij as the reflection amplitude coefficient between media i and
j, and using the notation in figure 7.5, we have the following two relations for R:
R = Ir13 (7.19)
and
R = R1 + T3 + T5 + T7 + . . . . (7.20)
From figure 7.5 we have the following equations for each contribution:
R1 = Ir12,
T3 = It12t21r23 exp 2β,
T5 = It12t21(r23)
2r21 exp 4β
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and
T7 = It12t21(r23)
3(r21)
2 exp 6β, (7.21)
where the phase change on propagation through the media is given by
β = ikzh. (7.22)
By combining these relations, R can be eliminated to produce an equation for the net
reflection coefficient,
r13 = r12 + t12t21r23 exp 2β(1 + r23r21 exp 2β + (r23)
2(r21)
2 exp 4β + . . .). (7.23)
This is a simple geometric series and therefore applying the standard result for the sum
of geometric series gives
r13 = r12 +
t12t21r23 exp 2β
1− r23r21 exp 2β . (7.24)
Making use of the following relations
r21 = −r12; t12t21 = (t12)2; (r12)2 + (t12)2 = 1, (7.25)
gives an equation for the reflection amplitude coefficient of
r13 =
r12 + r23 exp 2β
1 + r12r23 exp 2β
. (7.26)
The same process can be applied to determine the transmission coefficient,
t13 =
t12t23 exp β
1 + r12r23 exp 2β
. (7.27)
It is important to remember that the results are different for p- and s-polarisations.
The single interface Fresnel coefficients for the relevant polarisation must be used. This
theory can be expanded to account for any number of different media. In a system with
N media, firstly the Fresnel coefficients for each of the interfaces are calculated. Then
the last three media are considered (N , N − 1 and N − 2) and the Fresnel coefficients
calculated for these interfaces using equations 7.26 and 7.27. This provides a formula
for the reflection and transmission coefficient between layers N − 2 and N (i.e., r(n−2)n
and t(n−2)n). Equations 7.26 and 7.27 are used again to provide the coefficients for
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layers N − 3 and N and this process is repeated recursively until all the interfaces are
considered.
7.2.2 Bragg Stacks and Metal-Dielectric Stacks
As described in section 7.1, a Bragg stack is a multilayer system consisting of alternating
layers of dielectric material with differing refractive indices [166, 171]. The width of the
each layer is such that it is one quarter of a specific wavelength, and these structures
are often known as quarter-wave stacks. The transmission through the stack can be
calculated using the recursive Fresnel equations described in the previous section. The
reflected and transmitted components interfere with each other, with the interference
between the layers dictating whether the structure transmits or reflects at a particular
frequency. When the transmitted radiation interferes constructively, the multilayer
structure shows enhanced transmission features [190] forming a band pass region; and
conversely, when the interference is destructive, a band gap region is formed within
which light is ‘forbidden’ to propagate as illustrated in figure 7.6. These band gap
regions where the majority of the incident radiation is reflected occur around the specific
wavelength related to the width of each layer. By altering the width of the layers, the
frequencies where the band gaps occur can be chosen.
The electromagnetic response of metal-dielectric stacks also comprises band pass and
band gap regions. The band pass regions (high transmission) correspond to exponential
fields within the metal layer facilitating coupling between near standing wave resonances
within each dielectric layer [191]. With the use of periodic metal meshes, these metal-
dielectric stacks can be extended to operate in the lower frequency microwave and
infrared regimes [174].
7.2.3 Topology
Topology is a branch of mathematics that studies properties that are unchanged by
continuous transformations: for example, a sphere is topologically identical to an ellip-
soid. A particularly clear example is given by the mathematical joke that asks what a
topologist is, as illustrated in figure 7.7 [192].
However, topology is not restricted to geometrical objects, it is also used to describe
movement of an electron gas [193], phase spaces and symmetry groups. In broad terms
it is the study of qualitative properties that are invariant under certain transformations,
or the study of continuity and connectivity. Another example of this is given by the
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Figure 7.6: Transmission through a multilayer Bragg stack of 16 layers of alternating
dielectric with relative permittivity of 2 and 4. Each dielectric layer is 6.35 mm thick.
Hilbert cube (figure 7.8), which is defined as a topical product of the intervals [0, 1/p]
for p = 1, 2, 3, 4, . . .. This can also be thought of as a cuboid where the lengths of the
edges form the infinite sequence 1/p where p ∈ natural numbers. As the cube can also
be constructed by an infinite number of unit cubes, it is topologically identical to a unit
cube of infinite dimension. There are countless other examples of topology, however,
these are beyond the scope of this thesis.
7.3 Methods
7.3.1 Adaptation of the Modal Matching Method for a Double
Mesh Structure with Different Mesh Layers
Chapter 6 explored the EM response of a double mesh structure with two identical
metal meshes. To adapt the method for use with a double mesh structure comprising
two differing meshes is a relatively simple alteration. The general method is identical,
however the parameters pertaining to the second mesh are used in the initial electric
field equation for region IV (the mesh layer) as defined in figure 6.4. It is worth com-
menting on the limiting conditions on the mesh parameters. A unit cell for the structure
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(a) (b) (c)
(d)
Figure 7.7: Schematic illustrating a mathematical joke regarding the identical topology
of a coffee mug and a doughnut: (a) - (c) snapshots of the coffee cup deforming into
the doughnut; (d) the original joke [192].
Figure 7.8: A Hilbert Cube [1].
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as a whole is required and therefore the period of each mesh must be the same or com-
mensurate; this means that the only variable parameters between the two meshes are
the hole size and mesh thickness. With that in mind, the overlap integrals for the upper
and lower meshes (equations 6.8 and 6.9) become;
Qm,n,0,12top =
∫ at
0
∫ at
0
sin
(
piy
at
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy (7.28)
and
Qm,n,0,12bot =
∫ ab
0
∫ ab
0
sin
(
piy
ab
)
exp
[
−i
(
2mpi
d
)
x
]
exp
[
−i
(
2npi
d
)
y
]
dx dy. (7.29)
The simultaneous equations are solved providing expressions for the unknown amplitude
coefficients.
7.3.2 Description of a Metal Mesh using an Effective Medium
Approach
The description of a mesh layer as an effective homogeneous medium under certain
conditions was introduced in section 6.4.1. The required conditions were that the
meshes had to be far enough apart for the evanescent diffracted orders to be of little
significance, i. e., the mesh separation must be greater than the incident wavelength.
In these conditions, the microscopic details of the subwavelength structure are not
communicated from one layer to the other. Using a technique detailed by Smith et al,
the effective impedance, Zeff, and the effective refractive index, neff can be determined
from the reflection and transmission coefficients of the mesh [194]. The relationship
between the normalised transmission amplitude coefficient, t, Zeff, and neff is given as
t =
(
cos [neff kd]− i
2
(
Zeff +
1
Zeff
sin [neff kd]
))
, (7.30)
where k = ω/c. This relation is linked to the normalised reflection amplitude coefficient
by
r
t
= −1
2
i
(
cos [neff kd]− i
2
(
Zeff +
1
Zeff
sin [neff kd]
))
. (7.31)
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Equations 7.30 and 7.31 can be rearranged to give
cos [neff kd] =
1
t
+
i
2
(
Zeff +
1
Zeff
)
sin [neff kd] (7.32)
and
sin [neff kd] =
(
2iZeff
Z2eff − 1
)(r
t
)
(7.33)
respectively. Equation 7.33 can be substituted into equation 7.32 and the trigonometric
identity cos2 [A] + sin2 [A] = 1 used to obtain the relation
(
r2
t2
)(
2iZeff
Z2eff − 1
)2
+
1
t2
(
1− r
(
Z2eff + 1
Z2eff − 1
))2
= 1. (7.34)
Solving equation 7.34 with respect to the effective impedance results in the following
solution:
Zeff = ±
√
1 + 2r + r2 − t2
1− 2r + r2 − t2 . (7.35)
Equation 7.33 can be rearranged to give a solution for neff in terms of Zeff:
neff =
c
ωd
sin−1
(
2iZeff
Z2eff − 1
)(r
t
)
. (7.36)
Therefore the mesh has now been described in terms of homogeneous effective param-
eters.
7.3.3 Application of the Effective Medium Approach to Mul-
tilayer Systems
Once a metal mesh has been described as an effective homogeneous medium, it is a rel-
atively trivial matter to describe the transmission or reflection response for a multilayer
system in terms of the recursive Fresnel coefficients. The structure investigated in this
chapter is illustrated in figure 7.9 and comprises ‘N’ repeats of an ‘ACBC’ arrangement,
where A and B are PEC meshes with different mesh parameters and C is a dielectric
spacer. The dielectric for this system is air.
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Figure 7.9: Schematic of the unit cell in the z-direction of an ‘ACBC’ multilayer ar-
rangement. A and B are PEC meshes with square holes of side length aa and ab and
mesh thickness of ha and hb respectively. C is a dielectric spacer layer of air. The mesh
layers are a distance g apart.
7.4 Results and Discussion
The results and discussion section of the chapter has been separated into two main
sections: The first section concerns a single unit cell in the z-direction, i.e. two mesh
layers, one of mesh A and one of mesh B. The second section considers multiple unit
cells in the z-direction.
7.4.1 Double Mesh Structure with Different Mesh Layers
To verify the veracity of the results gained using the effective medium approximation,
the transmission response for a double mesh structure, with a pitch of d = 5 mm and
a hole size of a = 4.85 mm with the meshes a distance g = 6 mm apart, was predicted
using the effective medium approximation detailed in sections 7.3.2 and 7.3.3. This was
then compared with the response from the modal matching approach for a double mesh
structure as discussed in chapter 6 and the results are illustrated in figure 7.10.
7.4.1.1 Comparison of Effective Medium Approach with Modal Matching
Method
Figure 7.10 shows that the predicted transmission response using the effective medium
approximation is identical to that of the modal matching approach. This shows clearly
that the mesh layer can be represented by an effective homogeneous medium and that
little microscopic information regarding the subwavelength structure is communicated.
The pitch of the meshes is 5 mm and therefore the onset of diffraction occurs at 60
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Figure 7.10: Transmission response at normal incidence for a double mesh structure
comparing the modelled response from an effective medium approximation with that
from a modal matching model. The PEC meshes have a pitch d = 5 mm and a hole
side length of 4.85 mm and are a distance g = 6 mm apart.
GHz. Figure 7.10 illustrates the EM response of the structure between 5 GHz and 40
GHz, far from the onset of diffraction. The transmission peaks correspond to near-
standing-wave resonances within the dielectric layer and replicate the behaviour of
metal-dielectric structures in the visible regime [191, 195, 196]. As described by Butler
et al the fields within the sub-cutoff holes of the mesh decay exponentially, with the
decay length being determined by the geometry of the mesh [174], with a larger pitch
corresponding to a shorter decay length. This implies that if the separation between
the mesh layers, g, was decreased, there would come a point where the decay length
of the fields would overlap allowing the meshes to couple together via their near fields,
thereby perturbing the response of the structure. At this point, the effective medium
approximation would be unable to describe the EM response of the structure accurately.
Figure 7.11 illustrates the transmission response of the double mesh structure for the
same mesh parameters as in figure 7.10 as the separation, g, is decreased for both the
modal matching technique and the effective medium approximation.
In figure 7.11(a), both methods give near identical responses; however, differences
between the modelled responses are beginning to appear at a separation of 3 mm be-
tween the meshes (figure 7.11(b)), although both methods give qualitatively similar
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(a) (b)
(c) (d)
Figure 7.11: Transmission response at normal incidence for a double mesh structure
comparing the modelled response from an effective medium approximation with that
from a modal matching model for different mesh separations. The PEC meshes have a
pitch d = 5 mm and a hole side length of 4.85 mm and are a distance; (a) g = 4 mm,
(b) g = 3 mm, (c) g = 2 mm, (d) g = 1 mm apart.
results. As the separation between the meshes is decreased further, the discrepancy
between the results becomes greater, until the effective medium approximation is no
longer able to describe the EM response of the meshes with any degree of accuracy
(figure 7.11(d)). As described in section 6.4, as the separation between the two meshes
decreases, the observed resonance increases in frequency due to being perturbed by the
hybrid structure resonance as it approaches the onset of diffraction. The decay length
of the first order field component is illustrated in figure 7.12 for the relevant frequency
range indicating a decay length of approximately 1 mm, as reported by Butler et al for
the same pitch mesh [174], where the decay length, τ is given by 1/km,nz .
From the discussion of the results in chapter 6 (section 6.4.1) it has been shown that
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Figure 7.12: Decay length of the fields for a mesh with period d = 5 mm for the frequency
range 5 - 40 GHz.
the separation between the meshes is a dominant parameter in determining the trans-
mission response of the structure, with the resonant features arising from diffractively
coupled surface waves. In particular, any relative misalignment between the layers is
of little significance if the layers are far apart. The explanation was that close to the
onset of diffraction, the evanescent fields are at their strongest and this was responsible
for coupling of the surface waves between the meshes. In the present case, the pitch is
extremely subwavelength and therefore evanescent diffraction would have a far less sig-
nificant role as the onset of diffraction occurs at a much higher frequency (60 GHz). The
resonant features in this structure are not due to diffractively coupled surface waves but
due to standing waves in the dielectric layers coupled via the evanescent fields within
the mesh layer [174].
Examination of equations 6.11 to 6.19 provide further insight into the role of the
decay length. Using the decay length, τ , equation 6.19 can be written as
K =
a
τ
+ τ
(
2mpi
d
)2
. (7.37)
Equation 7.37 indicates a clear relationship between the decay length and the sig-
nificance of the evanescent diffracted orders on the EM response. If τ is large, then the
term containing the diffracted orders will dominate K, whilst if τ is small, the first term
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dominates and the evanescent diffracted orders term becomes insignificant. As km,nz is
a function of both the frequency and the pitch of the mesh (equation 3.8) the decay
length can be increased by either increasing the frequency of the incident radiation
or decreasing the pitch. Therefore the effective medium approach can be used in the
regime where τ  g; however as τ approaches g, it is no longer a valid approximation
due to an inability to describe the near-fields accurately.
7.4.2 Multilayer Structures
As discussed in the introduction to this chapter (section 7.1), the EM response of mul-
tilayer metal-dielectric structures has been a topic of interest for many years, building
on the work of Geffcken in 1939 [171]. Section 7.4.1 looked at the response of a sin-
gle unit cell (ACBC) as described in figure 7.9. This section looks at the response of
structures comprising N unit cells where N > 1. In addition, structures with N+ unit
cells are explored where the + refers to an additional final layer of mesh A resulting in
a symmetric structure in the z-direction . The transmission response of a 4 unit cell
(N = 4) structure where A = B is illustrated in figure 7.13.
The structure in figure 7.13 could equally well be described as an eight unit cell stack
with an AC unit cell where A is the PEC mesh layer and C is the dielectric spacer. For
multilayer stacks that are periodic in the direction of propagation (z-direction in this
case), the number of observed resonances is given by N − 1, where N is the number of
unit cells. This is due to the resonances arising from coupling between the standing-
waves supported within each cavity; in a structure with N unit cells, there are N − 1
cavities. Therefore figure 7.13 shows 7 transmission peaks followed by a band gap before
a second family of 7 transmission peaks, as would be expected. The resonances are due
to resonant Fabry-Pe´rot modes in the dielectric layers coupled via the evanescent fields
within the mesh layers. This response is analogous to the response of metal-dielectric
stacks in the visible regime. In the visible regime, series of transmission peaks are
separated by photonic band gaps (regions of low transmission). The peaks arise from
Fabry-Pe´rot resonances in the dielectric layers coupled via exponentially decaying fields
within the metal layers. At microwave frequencies the periodic subwavelength mesh
produces effective electromagnetic parameters that can mimic plasmonic metals such
as silver in the visible regime [86, 174]. Within the mesh layer the fields are evanescent
and therefore equivalent to those in a real metal [92, 197].
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(a) (b)
Figure 7.13: (a) Transmission response for a 4 unit cell geometry where each cell is
comprised of an ACBC structure. Layers A and B are identical PEC mesh layers of
thickness h = 18 µm with pitch d = 5 mm and hole side of a = 4.5 mm. Layer C is a
dielectric spacer of thickness g = 6 mm with a permittivity of 1 (i.e. air). The incident
radiation is orientated parallel to the x-axis and is at normal incidence; (b) schematic
of the structure.
7.4.2.1 Varying Multilayer System Parameters
The unit cell of particular interest is that of an ACBC arrangement and the effect that
alternating mesh layers will have on the EM response of the structure. In figure 7.14,
the parameters of one mesh are kept the same whilst the hole size in the other mesh
is varied. The pitch and mesh thickness of both meshes are identical and fixed (d = 5
mm and h = 18 µm). Whilst the structure producing the results in figure 7.14 has 4
complete unit cells, it is not a symmetrical system. By altering the structure by the
removal of the last mesh B layer however, the structure becomes symmetrical. The
transmission response for a 3+ unit ACBC structure, where ‘+’ denotes the additional
final layer of mesh A, is presented in figure 7.15 for the same parameters as figure 7.14.
In figure 7.14 there are 4 unit cells in the stack; in figure 7.14(a), aA > aB, whilst in
figure 7.14(b) the situation is reversed with aA < aB. In other words, in figure 7.14(a),
the first mesh in the unit cell is more highly transmitting than the second mesh and
vice versa in figure 7.14(b). However, it is immediately noticeable that despite the
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(a)
(b) (c)
Figure 7.14: Transmission response at normal incidence for a 4 unit cell geometry where
each cell is comprised of an ACBC structure. Both PEC meshes have thickness h = 18
µm and pitch d = 5 mm: (a) the hole side length for mesh A are fixed (aA = 4.5 mm)
whilst the hole side length for mesh B are varied and (b) the hole side length for mesh
A are varied whilst the hole side length for mesh B are fixed (aB = 4.5 mm). C is a
dielectric spacer (air) layer of thickness g = 6 mm. (c) A schematic of the structure.
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(b) (c)
Figure 7.15: Transmission response at normal incidence for a 3+ unit cell geometry
where each cell is comprised of an ACBC structure. Both PEC meshes have thickness
h = 18 µm and pitch d = 5 mm: (a) the hole side length for mesh A are fixed (aA = 4.5
mm) whilst the hole side length for mesh B are varied and (b) the hole side length for
mesh A are varied whilst the hole side length for mesh B are fixed (aB = 4.5 mm). C
is a dielectric spacer (air) layer of thickness g = 6 mm. (c) A schematic showing the
structure.
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difference in unit cells, the transmission responses are identical. When the hole side
lengths in both mesh A and B are equal (aA = aB = 4.5 mm), as indicated by the
black trace on the graphs, there are 7 transmission peaks in this first band pass region
as a result of the structure containing 8 unit cells. However, as the hole size in one of
the meshes is changed, and the meshes are no longer identical, the number of unit cells
in the structure reduces to four. This results in two band pass regions, containing 3
transmission resonances each separated by a new band gap (green trace on the graphs).
When the difference between the two mesh parameters is slight and the new band gap
is partially formed, an intermediate stage exists as indicated by the red trace. The red
trace in figure 7.14 implies that the two central modes for the structure where mesh A
and B are identical (black trace) merge together and then this merged mode reduces
in intensity as the band gap forms. This supposition will be examined further in the
following section (7.4.2.2).
For the transmission response of the 3+ unit cell structure illustrated in figure 7.15,
varying the mesh parameters results in markedly different behaviour. Figure 7.15(a)
illustrates the situation when mesh A is more highly transmitting than mesh B (i.e.,
aA > aB). In both graphs in figure 7.15, when mesh A and B are identical (black trace)
there are 7 unit cells and therefore 6 transmission peaks. As the meshes begin to differ,
based on the behaviour of the previous mesh in figure 7.14, it would be expected that as
the system changed to 3+ unit cells, the middle two modes would merge and then this
new mode would weaken as a band gap formed between the band pass regions containing
2 resonant modes. Figure 7.15(a) appears to support this expectation, although it is
worth noting that the ‘strength’ of the central mode is stronger than in the 4 unit
cell case. What is unusual, however, is the response when mesh B is more highly
transmitting than mesh A (i.e., aA < aB) as illustrated in figure 7.15(b). Once the
meshes begin to differ, the band gap forms more quickly and in addition, there are 3
resonant modes in each band pass region. The inference from figure 7.15(b) is that as
the meshes begin to differ, the central two modes move away from each other (i.e., the
lower frequency mode moves to lower frequencies and the higher frequency mode moves
to higher frequencies) and the new band gap forms between them.
7.4.2.2 Topological Modes
To explore the evolution of the modes as the structure changes, figure 7.16 shows a
grayscale plot of transmissivity as a function of frequency and the side length of the
hole in mesh B for a fixed hole side length for mesh A. There are four plots in total, the
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(a) (b)
(c) (d)
Figure 7.16: Grayscale plot of normal incidence transmission as a function of frequency
and mesh B hole side length (aB) for an ACBC structure where A and B are PEC mesh
layers of thickness h = 18 µm and C is a dielectric spacer layer of thickness g = 6 mm.
For mesh A hole side length of: (a) aA = 4.5 mm and 4 unit cells; (b) aA = 3.5 mm
and 4 unit cells; (c) aA = 4.5 mm and 3+ unit cells; (d) aA = 3.5 mm and 3+ unit
cells. The transmission scale ranges from 0 (black) to a normalised transmission of 1
(white). Arbitrary mode numbers have been assigned for identification purposes.
first two relating to the 4 unit cell structure for two different hole side lengths in mesh
A, and the last two for the same two parameters for mesh A, but for the 3+ unit cell
structure. As would be expected, small holes in mesh A result in sharper resonances
(section 4.4). In all four plots, when aA = aB, N − 1 modes are visible, where N is the
number of unit cells. However there are marked differences between the grayscales for
4 unit cells and 3+ unit cells. In figures 7.16(a) and 7.16(b), the mode that exists when
aA = aB quickly dies off as aB either increases or decreases; whilst in figures 7.16(c)
and 7.16(d), as aB decreases, the two central resonances of the A=B structure merge to
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form an additional mode that decreases in intensity as the difference between the two
mesh parameters increases. However, as aB increases, the two central modes separate
in frequency as the new band gap forms resulting in an additional mode in each band
pass region.
(a)
(b)
(c)
(d)
(e)
Figure 7.17: Field plot showing time averaged ~Ez fields through the structure normalised
to an incident field of unity. The field is propagating from the left for an ACBC structure
where A and B are PEC mesh layers of thickness h = 18 µm and C is a dielectric spacer
layer of thickness g = 6 mm. The structure has 3+ unit cells and mesh A has a hole
side length of aA = 4.5 mm. The illustrated modes are: (a) the 3rd mode at ≈ 19 GHz
for aB = 4.5 mm; (b) the 4th mode at ≈ 21 GHz for aB = 4.5 mm; (c) the 3rd mode at
≈ 20.5 GHz for aB = 3.7 mm; (d) the 3rd mode at ≈ 18 GHz for aB = 4.8 mm; (e) the
4th mode at ≈ 21 GHz for aB = 4.8 mm, where the mode numbers and plot references
correspond to those in figure 7.16(c).
Figure 7.17 illustrates field plots through the 3+ unit cell structure for the modes
of interest: the first two plots refer to the case when mesh A and mesh B are identical
(i.e., a 7 unit AC structure) for the two central modes (modes 3 and 4 respectively);
the third plot illustrates the merging of the two central modes and the emergence of
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the mode in what would be expected to be a band gap region when mesh A is more
transmissive than mesh B; and the final two plots refer to the case when mesh A is
less transmissive than mesh B and for the two modes either side of the newly formed
band gap (modes 3 and 4 respectively). Figure 7.17(c) shows a markedly different field
distribution than the other four plots. It is characterised by strong fields localised in
the first dielectric spacer (C) that then decay through the structure. It is proposed that
this mode is the physical manifestation of a topological mode.
As introduced in section 7.2.3, topological states are mathematical sets of condi-
tions. Topological states arise from edge effects in finite systems [176, 177, 198] and
involve a continuous mapping of points within the Brillouin zone to Bloch-Hamiltonian
space [178]. The topological argument is somewhat beyond the scope of this thesis
mathematically, but a brief explanation is that it is the symmetry class of the trans-
fer matrix associated with these modes that determines the mode to be of topological
origin [178, 198, 199]. In particular the symmetry operator involved in the mapping of
the points in the Brillioun zone must commute or anti-commute with the Hamiltonian
at particular points [178].
7.4.2.3 Tunnel Barrier Analogy
The comparison of metal layers or metal meshes to tunnel barriers is not new: Hooper
et al [200] and Gadsdon et al showed that for metal-dielectric films in the optical regime
[201], the thin metal film acts as a tunnel barrier, as did Mart´ın-Moreno et al [110],
and this analogy was also used by Butler et al to explain the form of the coupling of
the fields in the microwave regime for similar structures [174]. Conversely, Wang et al ’s
letter in Nature in 2009 concerned a photonic analogy of a Quantum Hall system [198],
whilst in 1992, Martin and Landauer presented an analogy between quantum tunneling
and evanescent electromagnetic waves [202]. It is a useful analogy and in this case
particularly applicable. The structure referred to in figure 7.13 can be thought of as
a quantum mechanical system with 8 identical tunnel barriers as illustrated in figure
7.18. In this case, mesh A is equal to mesh B and therefore the structure is an eight
unit cell AC structure.
Continuing the analogy between the quantum mechanical system and the electro-
magnetic system, the EM ‘potential’ and the incident energy are given by −n2k20 and
−k2z respectively, where n is the refractive index and kz is the normal component of the
wavevector in the medium [200]. For simplicity, only normal incidence is explored in
this study and this gives the relation
153
7. The Microwave Response of Finite Multilayer Stacks of Alternating
Metal Meshes
Figure 7.18: Schematic illustrating quantum mechanical analogy for the 4 unit ACBC
structure, where A = B, in terms of 8 potential barriers.
k2z = n
2k20. (7.38)
In the schematic in figure 7.18, the incident radiation has an energy of unity. When
considering a mesh layer, the transmissivity is inversely proportional to the barrier
height, which is determined by hole size; or in other words, the higher the transmissivity,
the lower the potential barrier and vice versa.
In terms of the mesh parameters, for the 4 unit cell when aA > aB, this can be
represented by the schematic in figure 7.19(a) and figure 7.19(b) represents the case
when aA < aB, whilst the 3+ unit cell structure for the same conditions are illustrated
in figures 7.19(c) and 7.19(d) respectively.
The ‘topological’ mode is observed for the structure illustrated in figure 7.19(c),
and it is noticeable that this is the only configuration with an ‘attractive potential’ at
both ends of the structure, i.e., the lower tunnel barrier of the two followed by a higher
tunnel barrier. An ‘attractive potential’ was hypothesised by Atherton and Mathur
as necessary to observe a topological mode physically [176, 177] and this seems to be
upheld by these initial results. It is worth noting that changing the hole size of the
meshes is not the only way to create different height tunnel barriers; using meshes with
the same size holes, but different mesh thicknesses (h) would have the same result due
to the exponential nature of the fields within the holes. The barrier height would be
proportional to the mesh thickness, i.e., a thicker mesh would represent a higher tunnel
barrier and vice versa. Filling the holes with a media with differing refractive indices
would be another way of altering the height of the tunnel barriers.
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(a)
(b)
(c)
(d)
Figure 7.19: Schematic illustrating quantum mechanical analogy for; (a) the 4 unit
ACBC structure, where aA > aB, (b) the 4 unit ACBC structure, where aA < aB, (c)
the 3+ unit ACBC structure, where aA > aB and (d) the 3+ unit ACBC structure,
where aA < aB, in terms of potential barriers.
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7.5 Conclusion
This chapter has presented investigations into the EM responses of multilayer metal-
dielectric stacks comprising combinations of two different PEC meshes. The compar-
atively large spacing between the mesh layers allowed the subwavelength mesh to be
described as an effective homogeneous layer. The use of the effective medium approach
detailed in the method section of the chapter (7.3) allows structures containing more
than two mesh layers to be easily modelled without recourse to the mathematically
intensive modal matching method.
The first part of this investigation explored the response of multilayer stacks made
up of two layers of differing PEC meshes separated by a dielectric, concentrating in
particular on comparing the modal matching approach with the effective medium ap-
proximation. As the frequency range of interest was far from the onset of diffraction, it
was expected that evanescent diffraction would have an insignificant role in the response
of this structure. However it was shown that this is only true as long as the decay length
of the evanescent fields within the mesh layers is less than half the separation between
the mesh layers. At this point, the subwavelength detail of the mesh is described via
the near-fields and the effective medium approximation is no longer able to describe
the response accurately.
The second part of the investigation focused on multilayer stacks involving more
unit cells with particular interest in predicting the existence of an observable topolog-
ical mode. The transmission responses of 3+ and 4 unit cell structures were studied.
Multilayer stacks of ACBC configuration were shown to form an additional band gap
region within a previous pass band when compared with an equivalent ACAC struc-
ture. However, when the ACBC multilayer stack was symmetrised by the addition of
a final layer of metal mesh A, unexpected results were obtained. In particular, when
an ‘attractive potential’ was created at both ends of the stack, produced by mesh A
being more transmissive than mesh B, a topological mode was observed within the
aforementioned newly formed band gap. The topological mode is characterised by high
localised electric fields in the first dielectric layer of the system that then decay in in-
tensity through the stack. This extremely interesting topological mode does not appear
to emerge when a ‘negative potential’ exists at both ends of the stack.
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Chapter 8
Conclusions and Future Work
8.1 Introduction
The work contained within this thesis represents analytical investigations into the elec-
tromagnetic response for a variety of metal-dielectric composite structures with a view
to enhancing the understanding of the physics underlying the resonant phenomena ex-
hibited by such structures. It is assumed that the metal in these structures can be
modelled as a perfect electrical conductor and that the meshes are thin in comparison
to the incident wavelength. The initial part of this chapter summarises the conclusions
of these investigations. This is followed by a brief discussion of some ideas for future
work based on the results of the explorations contained within the thesis. The chapter
concludes with a list of publications and conference presentations arising from these
studies in reverse chronological order.
Although numerical models are a widely used and flexible tool used to predict the
EM response of complex geometries, they offer little in the way of understanding the
predicted response of these structures; however, this increased understanding is possi-
ble using an analytical model. The understanding gained of the phenomena described
in this thesis would not have been reached using a conventional numerical modelling
approach. As well as a numerical prediction of the EM response, by examining the con-
stituent terms in the equation, the origin of any resonances can be determined. The aim
of this thesis is to understand why the examined structures interact with EM radiation
as they do and therefore an analytical model is an important tool. The modal match-
ing method provides a more complete solution by allowing any number of diffracted
(propagating or evanescent) and waveguide modes to be included in the calculation,
although these may be truncated as necessary, as is the case with the waveguide modes.
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This is an important factor as the frequency range just below the onset of diffraction,
where evanescent fields play a significant role, is of particular interest. This flexibility
of the model allows us to gain an understanding of the influence of specific orders on the
structure’s overall EM response. Another benefit of the model is its fast computation
time in comparison to many of the commercially available numerical models.
8.2 Summary of Thesis
The thesis began with a brief overview of the historical development and seminal re-
sults in the key areas (chapter 2) aimed at providing a general background to the
thesis and to put the current work in context. It was established that explorations
into electromagnetic interactions with metal-dielectric composite periodic media began
in the middle part of the 17th century and are still continuing today. Metamaterials
are artificial composite materials whose properties are a result of their subwavelength
structure as opposed to their chemical composition. One of the key results discussed
related to effective medium theories. These are used when the constituent particles are
so subwavelength that it is possible to describe the material as a homogeneous medium.
In particular, derivations were given for the Clausius-Mossotti formula, Maxwell Gar-
nett Approximation and Bruggeman’s Effective Medium Theory. The next significant
theory discussed was the concept of electromagnetic surface waves that are supported
at the interface of dissimilar non-magnetic media. Although the range of frequencies
within which these waves can be supported covers a wide range up to the limit of the
surface plasma frequency for the particular metal, it is frequencies far from this limit
that are of interest in this body of work. Surface periodicity is required to tightly
bind the waves at these low frequencies and this enables analogous behaviour between
these surface waves and the surface plasmon polaritons supported at visible frequencies.
Whereas sample dimensions have been chosen in this thesis that provide the potential
for experimentation in the microwave regime, the work is nonetheless valid as long as
the PEC approximation holds. This assumption simplifies the mathematical modelling
used throughout the thesis due to the resultant conclusion that no electric fields can ex-
ist within the metal. The final part of this chapter introduced the rectangular waveguide
and derived the form of the resonant waveguide mode supported. This chapter laid the
groundworks for the thesis by explaining the necessary theories that these explorations
have utilised.
Chapter 3 introduced the most common modelling methods and reviewed the two
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main modelling methods used within the thesis to predict the EM response of the
chosen structures. The key advantage of the chosen method is the ability to extract
understanding from the analytical formulation as resonant phenomena can be linked
to specific mathematical terms in the solution. It was shown that the chosen modal
matching approach provided a thorough description of the structure with the inclusion
of the effect from multiple order waveguide modes and diffracted waves (both prop-
agating and evanescent). The model allows all geometrical parameters to be varied,
including the modelling of finite depth holes. In addition the number of waveguide
and diffracted orders included in the modelling can be chosen. Another benefit of the
model is the fast computation time in comparison to commercial numerical models. A
numerical model is also utilised throughout the thesis as verification of the veracity of
the results obtained using the analytical modal matching method. The commercially
available FEM model used for this verification is Ansoft’s three dimensional full-wave
electromagnetic field simulator HFSSTM. The choice of this particular software was
dictated by the well established use of it within the Electromagnetic Group at the Uni-
versity of Exeter and its applicability to electromagnetic problems involving periodic
systems.
The first structure explored was a single layer PEC bigrating comprising a square
array of square elements. Chapter 4 investigated the electromagnetic response of two
configurations of this structure; a ‘hole array’ and its complement, a ‘patch array’.
The response of the patch array can be determined from that of the hole array by
the application of Babinet’s Principle, and this is shown to be valid for this structure
with the assumption of infinitely thin PEC. Enhanced transmission resonances are
supported by the hole array and enhanced reflection resonances by the patch array.
These resonances occur at frequencies just below the onset of diffraction due to the
strength of the evanescent diffraction. This strength is represented within the analytical
solution by the overlap integrals. It was illustrated that even for high metal occupancy
(i.e., very small holes) a 100% transmission resonance is supported, and accordingly
a 100% reflection resonance is supported by the patch array, even for very low metal
occupancy. A mathematical examination of the analytical solution concluded that
the enhanced transmission phenomena was a combination of both resonant and non-
resonant transmission channels. The evanescent diffraction from the array geometry
allows near-field interaction between the elements of the array, resulting in an enhanced
resonant response. As the array is a bigrating, it has two associated grating vectors,
orthogonal to each other and in this case parallel to the coordinate axes. It was shown
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that for a particular array the incident radiation preferentially scatters more strongly
from one grating vector than the other dependng on the incident polarisation. The
signifance of the role played by the evanescent diffraction was illustrated by investigating
a square array of square elements rotated by 45◦ with respect to the axes of the unit
cell. At 50% metal occupancy and above, this structure becomes electrically connected
and would therefore be expected to exhibit low transmissivity. However, it was shown
that the strength of the evanescent diffraction allows this structure to transmit at 100%.
The study of single layer bigrating systems was continued in Chapter 5 with the
exploration of three new structures and the effect that breaking the four-fold symmetry
inherent in the square array of square elements structure had on the predicted electro-
magnetic response. The first structure was again a square array, but with rectangular
holes, with the result that breaking the symmetry of the hole geometry altered the
relative proportions of the inductive and capacitive elements of the array. The next
two structures were rectangular arrays, the first with square holes and the second with
rectangular holes. Changes in the unit cell geometry caused corresponding changes in
the frequency of the onset of diffraction with respect to the orthogonal grating vec-
tors. For the rectangular array of rectangular holes, the four-fold symmetry of both
the periodicity and the hole geometry has been broken and consequences of the break
in symmetry combine with relative significance depending on the parameters involved
in the specific geometry of the array. For example, when the incident polarisation is
parallel to the x-axis, it was concluded that the hole geometry influences the Q factor
of the resonance, with the hole side length parallel to the y-axis, ay, being the signif-
icant parameter dictating the resonant frequency, and the hole side length parallel to
the x-axis, ax, the sharpness of the mode. Whereas it is the periodicity of the array
that dictates the extent of the perturbation by the evanescent diffractive orders to the
resonance. The closer the resonance is to the onset of diffraction, the stronger the
evanescent diffraction and the greater the perturbation.
The previous two chapters concentrated on the exploration of single layer meshes. In
chapter 6, the understanding gained from the earlier chapters was applied to more com-
plex double layer structures. The modal matching method was adapted by extending
the initial model to account for the complex near-field interactions and multiple reflec-
tions between the mesh layers. The structure consisted of a double layer of identical
square arrays of square holes (mesh) in a perfectly conducting sheet separated by a di-
electric spacer of air. For the single layer structures it had been shown that the resonant
phenomena were due to resonant excitation of surface waves via evanescent diffraction.
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It was concluded that the structure supports families of standing wave modes together
with surface modes and that close to the onset of diffraction these modes interact with
each other. As with the single layer structures, the electromagnetic response of this
structure is highly dependent on the strength of the evanescent diffraction as shown by
examination of the role of the overlap integrals within the analytic equations. At low
frequencies the resonant modes are Fabry-Pe´rot-like. However, the modes become more
surface mode-like in character as the frequency increases and approaches that of the
surface mode supported by a single mesh layer. A particular focus of this chapter was
the effect on the transmission of lateral translation of one mesh relative to the other
and the role that evanescent diffraction played in this. The analysis shows that it is the
separation of the mesh layers that is the critical parameter; whilst the misalignment
of the meshes with relation to one another is only significant in the regime where the
separation of the layers is less than the wavelength.
The final and most exciting investigative chapter, Chapter 7, presented explorations
into the electromagnetic response of multiple layer stacks consisting of alternating metal
mesh and dielectric layers. Multilayer structures have been of interest to the scientific
community for many years, however, it is the periodic combination of two different
meshes within the structure that makes this study different from previous studies. The
meshes used are subwavelength, and this coupled with the comparatively large spacing
between the mesh layers allowed an effective medium approach to be used to describe the
mesh layers. There were two specific foci for the investigation into this system. The first
concentrated on comparing the validity of the effective medium approach with the modal
matching model for a double mesh system where each mesh has differing parameters
and determining when this approximation was no longer appropriate. The structure
consisted of multilayer stacks made up of two layers of differing PEC meshes separated
by a dielectric layer of air for simplicity. The results of this study concluded that for
the effective medium approach to be applicable, the decay length of the evanescent
fields within the mesh layers must be less than half the separation of the dielectric
spacer layer. If the decay length is greater than this, then near fields coupling occurs
and therefore the response is no longer accurately described by an effective medium
approach. This near field coupling of the evanescent diffracted fields was shown to
exist even at frequencies far below the onset of diffraction. The second focus of the
work was on the electromagnetic response of the alternating mesh multilayer stack
configuration involving more unit cells with the aim of determining the existence of an
observable topological mode. The unit cell had an ACBC configuration where A and B
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were PEC meshes with differing parameters and C was a dielectric spacer layer. Both
3+ and 4 unit cell structures were studied where ‘+’ denotes the addition of a final
layer of mesh A resulting in a symmetric stack. When compared with an equivalent
ACAC structure, the ACBC multilayer stacks formed an additional band gap within a
previous pass band region. The conclusion of this investigation was that a topological
mode could be observed within the newly formed band gap when an attractive potential
was created at both ends of the stack. An analogy was made with a basic quantum
mechanical system in one dimension, where the mesh layers equate to tunnel barrier
and a mesh with high transmissivity represents a low tunnel barrier. Therefore the
topological mode was supported in the 3+ unit cell structure when the holes in mesh
A were larger than those in mesh B. The fields of this topological mode were shown
to have high localised electric fields in the first dielectric layer of the system that then
decay in intensity through the stack. This result is exciting as it was previously thought
that 1D topological modes could not be observed in a physical system.
8.3 Future Work
This thesis has presented a series of analytical investigations into periodic metal-
dielectric composite structures and the factors that govern their interaction with elec-
tromagnetic radiation. A range of structures and models have been discussed and there
are many areas into which this work can be extended. In this section, a brief discussion
of a few of these suggestions will be undertaken.
8.3.1 Extension of the Modal Matching Model for Real Metals
In the introduction to the thesis (chapter 1), the scope was identified as being limited
to frequency regimes where the simplification that infinite conductivity would give was
valid. An obvious extension to this work would be to extend the method to enable
accurate modelling of real metals at a wider range of frequencies. This would involve
a frequency dependent definition of permittivity for the specific metal and describing
the fields within the metal itself. In other works this has been achieved by utilising an
effective surface impedance boundary condition [203–205] that replicates the effect of
the finite conductivity of the metal but negates the need to describe the fields within
the metal. Numerical calculations using the multiple multipole technique has also been
attempted [206]. This would have the benefit of extending the validity of the model to
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higher frequencies.
8.3.2 Bilateral Displacement in Double Mesh Structures
(a) (b)
Figure 8.1: Schematic defining the unit cell and the origin for a double mesh structure
illustrating lateral displacement in (a) one direction and (b) two directions.
The exploration of the double mesh structure in chapter 6 considered lateral dis-
placement in one direction only (figure 8.1(a)), either parallel or perpendicular to the
direction of polarisation. Both this structure and those investigated in chapter 5 il-
lustrated that for systems with two-fold symmetry (as here) as opposed to four-fold
symmetry, the electromagnetic response can be markedly different depending on the
choice of incident polarisation. Lateral two-dimensional translation of one mesh with
respect to the other would remove the remaining symmetry from the unit cell (figure
8.1(b)). Most of the investigations into the effect of lateral displacement only involve
displacement in a single direction. Although there are a few studies on bilateral dis-
placement [159, 207] there is little understanding of the underlying physics.
8.3.3 Experimental Determination of a One Dimensional Topo-
logical Mode in a Real System
Another extensive area of future study concerns the multilayer alternating mesh layer
structures studied in chapter 7. With the prediction that topological modes are sup-
ported by the N+ unit cell configurations when an attractive potential exists at both
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Figure 8.2: Greyscale plot of normal incidence transmission as a function of frequency
and mesh B hole side length (aB) for an ACBC structure where A and B are PEC mesh
layers of thickness h = 18 µm and C is a dielectric spacer layer of thickness g = 6 mm.
Mesh A has a hole side length of aA = 4.5 mm and the structure consists of 4 unit cells
in the z-direction.
ends of the structure, the corresponding experiment should be conducted to determine
whether the predicted modes can be exhibited experimentally. In order to ease the
experimental setup it is suggested that different thicknesses of the same mesh are used
to create the difference in tunnel barrier heights as opposed to different size meshes.
In addition further modelling needs to be conducted to gain understanding into these
modes. For example, with reference to the central mode that appears briefly in the N
unit cell arrangements (figure 8.2) when mesh A ≈ mesh B, is this also a topological
mode, or just a normal eigenmode of the system with a coupling intensity that quickly
decays away from the equilibrium condition? This is an exciting new area with many
questions and possibilities that should be explored further.
8.3.4 Random and Quasi-Random Systems
This thesis has investigated periodic structures, however many systems, especially in-
dustrial systems, involve random and quasi-random structures. Whilst modal matching
requires a unit cell to exist, it may be possible to achieve an approximation of the EM
164
8. Conclusions and Future Work
(a) (b) (c)
Figure 8.3: Schematic illustrating three possible randomisations of a square lattice using
a small random perturbation of: (a) the size of the hole, (b) the lattice position of the
hole and (c) the orientation of the hole.
(a) (b)
Figure 8.4: Schematic illustrating the effect of perturbing the orientation in a square
‘checkerboard’ lattice: (a) 50% metal fill fraction with each hole orientated at 45◦ to the
coordinate axes and (b) the lattice following a random small perturbation of the hole
orientation illustrating the loss of electrical connectivity.
response using perturbation theory for systems with a small degree of ‘randomness’.
Figure 8.3 illustrates three examples of such systems. A potentially interesting effect
may be observed in a square array of square holes orientated at 45◦ to the coordinate
axes as described in section 4.6. At the point when the metal fill fraction is exactly
50%, a ‘checkerboard’ effect is obtained and the structure reaches electricial connectiv-
ity at that point (figure 8.4(a)). If the orientation of the holes is perturbed, even by a
infitesimal amount, that electricial connectivity is broken, providing an ‘instant switch’
effect (figure 8.4(b)).
165
8. Conclusions and Future Work
8.4 Publications and Conference Presentations
8.4.1 Publications
• M. C. Taylor, A. P. Hibbins and J.R. Sambles Microwave Response of Closely
Spaced Metal Meshes Accepted for publication by Physical Review B, October
2011
• M. C. Taylor, J. D. Edmunds, E. Hendry, A. P. Hibbins and J.R. Sambles
Microwave Response of Hole and Patch Arrays Physical Review B 82, 155105,
2010
• J. D. Edmunds, M. C. Taylor, A. P. Hibbins, J.R. Sambles and I. J. Youngs
Babinet’s Principle and the band structure of surface waves on patterned metal
arrays Journal of Applied Physics 107, 103108, 2010
8.4.2 Conference Presentations
• A. P. Hibbins, M. C. Taylor, C. Butler, and J.R. Sambles Evanescent Coupling
Between Closely Spaced Metal Meshes Nanometa 2011, Seefeld, Austria (Poster
Presentation)
• J. D. Edmunds, M. C. Taylor, A. P. Hibbins, J.R. Sambles and I. J. Youngs
Babinet’s Principle and the dispersion of surface waves on complementary pat-
terned metal arrays Meta‘10, Cairo, Egypt (Oral Presentation)
• M. C. Taylor, C. Butler, A. P. Hibbins and J.R. Sambles Evanescent Coupling
Between Closely Spaced Metal Meshes PECS IX 2010, Granada, Spain (Poster
Presentation)
• M. C. Taylor, A. P. Hibbins and J.R. Sambles Aspect Ratio Dependence of
Microwave Response of Hole Arrays Royal Society Thio Murphy International
Science Meeting 2010, Chicheley, United Kingdom (Poster Presentation)
• M. C. Taylor, J. D. Edmunds, E. Hendry, A. P. Hibbins and J.R. Sambles
Enhanced Reflection and Transmission of Structured Metal Films Metamaterials
2009, London, United Kingdom (Poster Presentation)
166
8. Conclusions and Future Work
• M. C. Taylor, J. D. Edmunds, A. P. Hibbins and J.R. Sambles Model of the Elec-
tromagnetic Response of a Two-Dimensional Metal-Dielectric Composite Nanometa
2009, Seefeld, Austria (Poster Presentation)
167
Appendix A
Full Modal Matching Calculation
A.1 Introduction
Section 3.2.2.1 detailed the equations employed within the modal matching method.
The manipulation of these equations was done with the aid of Wolfram’s Mathematica
software [96] and is shown in section A.2.1 and the full solution is provided below in
section A.2.2. This is the basic method for the simple structure comprising a square
array of square holes in a PEC sheet.
A.2 Wolfram Mathematica File
A.2.1 Manipulation of Equations and Workings
Off[General::spell];
Off[General::spell1];
Exvac1 = Exp[i ∗ kz0 ∗ z]
+Amx ∗ Exp[i ∗ (2 ∗m1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗m2 ∗ pi/d) ∗ y] ∗ Exp[−i ∗ kzm ∗ z];
Eyvac1 = Amy ∗ Exp[i ∗ (2 ∗m1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗m2 ∗ pi/d) ∗ y] ∗ Exp[−i ∗ kzm ∗ z];
Ezvac1 =
∫
(−D[Exvac1, x]−D[Eyvac1, y]) dz;
Hxvac1 = − 1
i∗w ∗ Simplify[(D[Ezvac1, y]−D[Eyvac1, z])]
− e
2ipi(m1 x+m2 y)
d
−ikzm z(Amy d2kzm2+4Amxm1m2pi2+4Amym22pi2)
d2kzmw
−
e−ikzm z
(
d2kzm
(
ei(kz0+kzm)zkz0−Amx e
2ipi(m1 x+m2 y)
d kzm
)
−4e
2ipi(m1 x+m2 y)
d m1(Amxm1+Amym2)pi2
)
d2kzmw
Excav = Bx Sin[pi ∗ y/a] ∗ Exp[i ∗ qz ∗ z]− Cx Sin[pi ∗ y/a] ∗ Exp[−i ∗ qz ∗ z];
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Eycav = 0;
Ezcav =
∫
(−D[Excav, x]−D[Eycav, y]) dz;
Hxcav = − 1
i∗wSimplify[(D[Ezcav, y]−D[Eycav, z])]
Hycav = − 1
i∗w ∗ Simplify[(D[Excav, z]−D[Ezcav, x])]
0
− e
−iqzz(Cx+Bx e2iqzz)qz Sin[piya ]
w
Exvac2 = Dxn ∗ Exp[i ∗ (2 ∗ n1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗ n2 ∗ pi/d) ∗ y] ∗ Exp[i ∗ kzn ∗ z];
Eyvac2 = Dyn ∗ Exp[i ∗ (2 ∗ n1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗ n2 ∗ pi/d) ∗ y] ∗ Exp[i ∗ kzn ∗ z];
Ezvac2 =
∫
(−D[Exvac2, x]−D[Eyvac2, y]) dz;
Hxvac2 = − 1
i∗w ∗ Simplify[(D[Ezvac2, y]−D[Eyvac2, z])]
Hyvac2 = − 1
i∗w ∗ Simplify[(D[Exvac2, z]−D[Ezvac2, x])]
e
i( 2pi(n1 x+n2 y)d +kzn z)(d2Dynkzn2+4n2(Dxnn1+Dynn2)pi2)
d2kznw
− e
i( 2pi(n1 x+n2 y)d +kzn z)(d2Dxnkzn2+4n1(Dxnn1+Dynn2)pi2)
d2kznw
******MatchingE fields******
z = 0;
Exvac1
Eyvac1
Excav
Eycav
1 + Amx e
2im1pix
d
+ 2im2piy
d
Amy e
2im1pix
d
+ 2im2piy
d
Bx Sin
[
piy
a
]− Cx Sin [piy
a
]
0
Q1[m1,m2]:=
∫ d
0
∫ d
0
Exp[−i ∗ (2 ∗m1 ∗ pi/d) ∗ x]Exp[−i ∗ (2 ∗m2 ∗ pi/d) ∗ y] dxdy;
Q2[m1,m2]:=
∫ a
0
∫ a
0
Sin
[
piy
a
] ∗ Exp[−i ∗ (2 ∗m1 ∗ pi/d) ∗ x]Exp[−i ∗ (2 ∗m2 ∗ pi/d) ∗ y] dxdy;
Q1[m1,m2] + Ax[m1,m2] ∗ d2 = (Bx− Cx) ∗Q2[m1,m2]
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z = h;
Exvac2
Eyvac2
Excav
Eycav
Dxn eihkzn+
2in1pix
d
+ 2in2piy
d
Dyn eihkzn+
2in1pix
d
+ 2in2piy
d
−Cx e−ihqz Sin [piy
a
]
+ Bx eihqz Sin
[
piy
a
]
0
Q2[n1, n2]:=
∫ a
0
∫ a
0
Sin
[
piy
a
] ∗ Exp[−i ∗ (2 ∗ n1 ∗ pi/d) ∗ x] ∗ Exp[−i ∗ (2 ∗ n2 ∗ pi/d) ∗ y] dxdy;
Dx[n1, n2] eihkz[Eps,n1,n2]d2 =
(
Bx eihqz − Cx e−ihqz) ∗Q2[n1, n2]
******MatchingH fields******
z = 0;
Expand[Hxvac1]
Expand[Hyvac1]
Hxcav
Hycav
−Amy e
2ipi(m1 x+m2 y)
d kzm
w
− 4Amx e
2ipi(m1 x+m2 y)
d m1m2pi2
d2kzmw
− 4Amy e
2ipi(m1 x+m2 y)
d m22pi2
d2kzmw
−kz0
w
+ Amx e
2ipi(m1 x+m2 y)
d kzm
w
+ 4Amx e
2ipi(m1 x+m2 y)
d m12pi2
d2kzmw
+ 4Amy e
2ipi(m1 x+m2 y)
d m1m2pi2
d2kzmw
0
− (Bx+Cx)qz Sin[
piy
a ]
w
Q4[m1,m2]:=
∫ a
0
∫ a
0
Exp[i ∗ (2 ∗m1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗m2 ∗ pi/d) ∗ y] Sin [piy
a
]
dxdy;
−kz[0]
w
2a2
pi
+
∑
m
(
Ax[m1,m2] kz[m1,m2]
w
∗Q4[m1,m2] + 4Ax[m1,m2] m12pi2
d2kz[m1,m2]w
∗Q4[m1,m2]
)
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= − (Bx+Cx)qz
w
a2
2
−kz[0]2a2
pi
+
∑
m Ax[m1,m2] ∗Q4[m1,m2] ∗
(
kz[m1,m2] + 4 m1
2pi2
d2kz[m1,m2]
)
= −(Bx + Cx)qza2
2
z = h;
Expand[Hxvac2]
Expand[Hyvac2]
Hxcav
Hycav
Dyn e
i(h kzn+2pi(n1 x+n2 y)d )kzn
w
+ 4Dxn e
i(h kzn+2pi(n1 x+n2 y)d )n1 n2pi2
d2kznw
+ 4Dyn e
i(h kzn+2pi(n1 x+n2 y)d )n22pi2
d2kznw
−Dxn ei(h kzn+
2pi(n1 x+n2 y)
d )kzn
w
− 4Dxn ei(h kzn+
2pi(n1 x+n2 y)
d )n12pi2
d2kznw
− 4Dyn e
i(h kzn+2pi(n1 x+n2 y)d )n1 n2pi2
d2kznw
0
− e
−i h qz(Cx+Bx e2i h qz)qz Sin[piya ]
w
Q4[n1, n2]:=
∫ a
0
∫ a
0
Exp[i ∗ (2 ∗ n1 ∗ pi/d) ∗ x] ∗ Exp[i ∗ (2 ∗ n2 ∗ pi/d) ∗ y] Sin [piy
a
]
dxdy;
∑
n Dx[n1, n2] ∗ ei(h kz[Eps,n1,n2]) ∗Q4[n1, n2] ∗
(
kz[Eps, n1, n2] + 4n1
2pi2
d2kz[Eps,n1,n2]
)
=
(
Bx eih qz + Cx e−ih qz
)
qz ∗ a2
2
*******Finding Solution********
Q1[m1,m2] + Ax[m1,m2] ∗ d2 = (Bx− Cx) ∗Q2[m1,m2]
Dx[n1, n2]eih kz[Eps,n1,n2]d2 =
(
Bx eih qz − Cx e−ih qz) ∗Q2[n1, n2]
−kz[0]2a2
pi
+
∑
m Ax[m1,m2] ∗Q4[m1,m2] ∗
(
kz[m1,m2] + 4 m1
2pi2
d2kz[m1,m2]
)
= −(Bx + Cx)qza2
2
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∑
n Dx[n1, n2] ∗ ei(hkz[Eps,n1,n2]) ∗Q4[n1, n2] ∗
(
kz[Eps, n1, n2] + 4n1
2pi2
d2kz[Eps,n1,n2]
)
=
(
Bx eih qz + Cx e−ih qz
)
qz ∗ a2
2
Ax[m1,m2] = (Bx−Cx)∗Q2[m1,m2]−Q1[m1,m2]
d2
Dx[n1, n2] =
(Bx eih qz−Cx e−ih qz)∗Q2[n1,n2]
eih kz[Eps,n1,n2]d2
−kz[1, 0, 0]2a2
pi
+∑
m
(
(Bx−Cx)∗Q2[m1,m2]−Q1[m1,m2]
d2
∗
(
kz[1,m1,m2] + 4m1
2pi2
d2kz[1,m1,m2]
)
∗Q4[m1,m2]
)
= −(Bx + Cx)qza2
2∑
n
(Bx eih qz−Cx e−ih qz)∗Q2[n1,n2]
d2
∗Q4[n1, n2] ∗
(
kz[Eps, n1, n2] + 4n1
2pi2
d2kz[Eps,n1,n2]
)
=
(
Bx eih qz + Cx e−ih qz
)
qz ∗ a2
2
−kz[1, 0, 0]2a2
pi
+ (Bx−Cx)
d4
∑
m
(4m12pi2+d2kz[1,m1,m2]2)∗Q2[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
−
1
d4
∑
m
(4m12pi2+d2kz[1,m1,m2]2)∗Q1[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
= −(Bx + Cx)qz ∗ a2
2
(Bx eih qz−Cx e−ih qz)
d4
∑
n
(4n12pi2+d2kz[Eps,n1,n2]2)Q2[n1,n2]Q4[n1,n2]
kz[Eps,n1,n2]
=
(
Bx eih qz + Cx e−ih qz
)
qz ∗ a2
2
G1:=
∑
m
(4m12pi2+d2kz[1,m1,m2]2)∗Q2[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
G2:=
∑
m
(4m12pi2+d2kz[1,m1,m2]2)∗Q1[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
H:=
∑
n
(4n12pi2+d2kz[Eps,n1,n2]2)∗Q2[n1,n2]∗Q4[n1,n2]
kz[Eps,n1,n2]
−kz[1, 0, 0]2a2
pi
+ (Bx−Cx)
d4
G1− 1
d4
G2 = −(Bx + Cx)qz ∗ a2
2
(Bx eih qz−Cx e−ih qz)
d4
H =
(
Bx eih qz + Cx e−ih qz
)
qz ∗ a2
2
Simplify
[
Solve
[
−kz[1, 0, 0] ∗ 2∗a2
pi
+ (Bx−Cx)
d4
∗G1− 1
d4
∗G2==− (Bx + Cx)qz ∗ a2
2
,Bx
]]
Simplify[Solve[
(Bx eih qz−Cx e−ih qz)
d4
∗H== (Bx eih qz + Cx e−ih qz) qz ∗ a2
2
,Bx
]]
{{
Bx→ 2CxG1pi+2G2pi−a2Cxd4piqz+4a2d4kz[1,0,0]
2G1pi+a2d4piqz
}}
{{
Bx→ Cxe
−2i hqz(2H+a2d4qz)
2H−a2d4qz
}}
Simplify
[
Solve
[
2CxG1pi+2G2pi−a2Cxd4piqz+4a2d4kz[1,0,0]
2G1pi+a2d4piqz
==
Cx e−2i h qz(2H+a2d4qz)
2H−a2d4qz ,Cx
]]
{{
Cx→ 2e
2i h qz(2H−a2d4qz)(G2pi+2a2d4kz[1,0,0])
pi(−a2d4qz(−2(1+e2i h qz)H+a2d4(−1+e2i h qz)qz)+G1(−4(−1+e2i h qz)H+2a2d4(1+e2i h qz)qz))
}}
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A.2.2 Mathematica Solution
******Solution********∗
c:=3 ∗ 10∧8;
a:=6.0 ∗ 10∧ − 3;
d:=10.0 ∗ 10∧ − 3;
h:=18 ∗ 10∧ − 6;
Epsv = 1;
Epsh = 1;
mmax = 4;
nmax = 4;
wmin = 10 ∗ pi ∗ 10∧9;
wmax = 61 ∗ pi ∗ 10∧9;
wpoints = 1000;
dw = N [(wmax− wmin)/(wpoints− 1), 5];
count = 1;
result = Array[0,wpoints];
For[w = wmin, w ≤ (wmax + 0.3 ∗ dw), w+=dw,
Q1[m1 ,m2 ]:=If [m1 == 0&&m2 == 0, d∧2, 0];
Q2[m1 ,m2 ]:=If
[
m1 == 0,
a2d2
(
1+e−
2iam2pi
d
)
(d2−4a2m22)pi ,
−
ia d3e−
2ia(m1+m2)pi
d
(
−1+e 2iam1pid
)(
1+e
2iam2pi
d
)
2m1(d2−4a2m22)pi2
 ;
Q4[m1 ,m2 ]:=If
[
m1 == 0,
a2d2
(
1+e
2iam2pi
d
)
(d2−4a2m22)pi ,−
ia d3
(
−1+e 2iam1pid
)(
1+e
2iam2pi
d
)
2m1(d2−4a2m22)pi2
]
;
kz[Epsv ,m1 ,m2 ]:=
√
Epsv(w/c)∧2− (2 ∗ pi ∗m1/d)∧2− (2 ∗ pi ∗m2/d)∧2;
qz[Epsh ]:=
√
(Epsh(w/c)∧2− (pi/a)∧2);
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G1 = N
[∑+mmax
m1=−mmax
∑+mmax
m2=−mmax
(4m12pi2+d2kz[1,m1,m2]2)∗Q2[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
]
;
G2 = N
[∑+mmax
m1=−mmax
∑+mmax
m2=−mmax
(4m12pi2+d2kz[1,m1,m2]2)∗Q1[m1,m2]∗Q4[m1,m2]
kz[1,m1,m2]
]
;
H = N
[∑+nmax
n1=−nmax
∑+nmax
n2=−nmax
(4n12pi2+d2kz[Epsv,n1,n2]2)∗Q2[n1,n2]∗Q4[n1,n2]
kz[Epsv,n1,n2]
]
;
Cx =
N
[((
2e2i h qz[Epsh] (2H − a2d4qz[Epsh]) (G2pi + 2a2d4kz[1, 0, 0]))/(
pi
(−a2d4qz[Epsh] (−2 (1 + e2i h qz[Epsh])H + a2d4 (−1 + e2i h qz[Epsh]) qz[Epsh])+
G1
(−4 (−1 + e2i h qz[Epsh])H + 2a2d4 (1 + e2i h qz[Epsh]) qz[Epsh]))))] ;
Bx = N
[
Cx e−2i h qz[Epsh](2H+a2d4qz[Epsh])
2H−a2d4qz[Epsh]
]
;
Dx[0, 0] = N
[
(Bx eih qz[Epsh]−Cx e−ih qz[Epsh])∗Q2[0,0]
eih kz[Epsv,0,0]d2
]
;
trans = Abs[Dx[0, 0]]∧2 ∗ √Epsv;
result = ReplacePart[result, trans, count];
count+=1;
]
ListPlot[result]
Export[
"C:\Users\Mel\My Documents\\PhD\\Square array square holes\\Data\\Finite
thickness\\d10\\Td10a6h1000um.dat", result, "Lines"];
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